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Abstract

P art 1: Kno wn Constructions. Ab out 40 pages of historical surv ey of the

sub ject of h yp ersurfaces with man y singularities constitute the �rst part of the

presen t w ork. W e hop e that this o v erview will not only serv e as an in tro ductory

text and a guide to the literature, but that it will also giv e the reader some new

ideas and references to in teresting articles whic h migh t serv e as a starting p oin t

for further researc h. T o mak e this easier, w e do in fact not only summarize kno wn

results, but w e also giv e some direct generalizations and concrete examples whic h

ha v e not b een considered so far.

P art 2: New Constructions and Algorithms. The main part of this thesis

is dev oted to new constructions. First, w e pro v e the existence of h yp ersurfaces of

an y giv en degree d in Pn
with man y A j -singularities based on the theory of dessins

d'enfan ts (c hapter 5 ). This yields new asymptotic lo w er b ounds in most cases. Our

construction is a v arian t of the w ell-kno wn construction of Chm uto v from 1992. In

the real case, w e are able to pro v e an upp er b ound whic h sho ws that a real v arian t

of Chm uto v's constructions is in some sense asymptotically the b est p ossible one.

In lo w degree, it is usually p ossible to obtain b etter results than those giv en b y

the general constructions and upp er b ounds. As describ ed in the historical surv ey ,

all kno wn constructions use nice geometrical argumen ts and symmetry to reduce

the problem at hand to a solv able one. In this thesis, w e giv e sev eral algorithmic

approac hes whic h do either w ork without suc h an in tuition or use exp erimen ts o v er

prime �elds whic h replace the in tuition. Our metho d whic h uses the geometry of

prime �eld exp erimen ts allo ws us to construct a septic in P3
with 99 real no des in

c hapter 8 whic h impro v es Chm uto v's record, 93.

W e then describ e an algoritm whic h is ev en stronger. It reduces the construction

of surfaces of degree d � 7 with the greatest kno wn n um b er of no des to a short

computer algebra computation. W e can ev en apply it to higher degree: F or d = 9
w e obtain a surface with 226 no des whic h also impro v es Chm uto v's curren t record,

216. This algorithm can certainly b e applied to man y other concrete problems in

algebraic geometry .

P art 3: Visualization. Man y in teresting examples of the sub ject are de�ned

o v er the real n um b ers. Th us, w e are quite often in a p osition that allo ws us to use

visualization of singular surfaces. F or sev eral y ears there already exists soft w are

whic h pro duces nice images, e.g. Endraÿ's surf . Based on these existing programs

w e dev elopp ed some to ols allo wing a dynamical exp erience of algebraic curv es and

surfaces: Spicy , surfex , and surfex.lib . W e demonstrate their usefulness in the

last part of this w ork. Our example is the construction of nice equations for all 45
top ological t yp es of real cubic surfaces in pro jectiv e three-space whic h is one of the

most classical sub jects in algebraic geometry .
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A cone, a quadric surface with the simplest t yp e of singularit y: a no de, also called

ordinary double p oin t or A1 -singularit y . Ho w man y no des can a surface of degree

d in P3
ha v e?



In tro duction

The Problem

The Most General Question. A generic h yp ersurface of degree d 2 N in

Pn := Pn (C) is smo oth. Th us, it is natural to ask:

Question 0.1 . Which c ombinations of singularities c an o c cur on a hyp ersurfac e

in Pn
of given de gr e e d?

It is easy to answ er this question for d = 1 ; 2. It is ob vious that a h yp erplane

( d = 1 ) cannot ha v e an y singularit y . It is also easy to classify quadrics ( d = 2 ) w.r.t.

the singularities o ccurring on them. E.g., a quadric in Pn
can con tain at most one

isolated singularit y . This can only b e an ordinary double p oin t.

In Pn
, n � 3, it is also p ossible to treat the cases d = 3 ; 4: F or the cubic

surfac es in P3
all p ossible com binations of singularities are kno wn since Sc hlä�i's

w ork in 1863 (see section 1.1 on page 13 ). All p ossible com binations of singularities

on quartic surfaces ( d = 4 ) in P3
are also kno wn; the last remaining op en questions

ha v e b een answ ered in 1997 using computers (see section 4.8 on page 53 ).

The Question on the Maxim um Num b er. A t the momen t, the answ er to

the previous question seems unreac hable if d � 5 or n � 4. In the presen t w ork, w e

th us consider the sligh tly simpler problem:

Question 0.2 . What is the maximum numb er � n (d) of isolate d singularities

on a hyp ersurfac e of de gr e e d in Pn
?

W e ha v e already seen that this is easy if d = 1 ; 2: � n (1) = 0 and that � n (2) = 1
for all n . On the other hand, the maxim um n um b er � 2(d) of isolated singularities

on a plane curv e in P2
is

� d
2

�
, established b y d general lines.

In higher dimensions, there is no suc h result kno wn y et. In fact, a direct

analogue cannot exist in Pn
, n � 3, b ecause in this case a h yp ersurface with only

isolated singularities has to b e irreducible. It is also w ell-kno wn that an irreducible

plane curv e of degree d with k no des exists if and only if 0 � k � 1
2 (d � 1)(d � 2)

(see [ Sev21 , p. 329] for a classical exp osition). Ho w ev er, in higher dimensions this

question turned out to b e a hard one: Despite man y e�orts, � 3(d) is only kno wn for

d � 6 un til no w. If w e ask for the maxim um n um b er of singularities of some giv en

t yp e (di�eren t from no des, e.g. cusps), the question is still op en in general, ev en in

the case of plane curv es w e only kno w the answ er for lo w degrees.

The aim of the presen t w ork is to impro v e the kno wledge around the questions

ab o v e. Our fo cus is on the geometry and equations of the h yp ersurfaces and metho ds

for constructing in teresting examples. Note that in principal, for eac h d there is an

algorithm whic h computes the surfaces of degree d with the maxim um n um b er of

no des. But this in v olv es v ery large systems of non-linear equations and can only

b e p erformed in sp ecial cases. W e w ork out suc h an example in c hapter 7. In more

complicated cases, w e need other ideas.

1



2 INTR ODUCTION

Some Notation

Singularities. A p oin t p 2 Cn
is called a singular p oint (or singularity ) of the

h yp ersurface f 2 C[x1; x2; : : : ; xn ] if f (p) = 0 and

@f
@xi

(p) = 0 for all i = 1 ; 2; : : : ; n .

It is called isolate d if there exists an op en neigh b orho o d of p whic h do es not con tain

an y other singular p oin t. This is equiv alen t to dim (C[x1; x2; : : : ; xn ]=(f; J f )) < 1 ,

where Jf := ( @f
@x1

; @f
@x2

; : : : ; @f
@xn

) denotes the Jac obian ide al .

Most of the time, w e will only deal with a sp ecial kind of isolated singularities,

so-called double p oints : Let f 2 C[x1; x2; : : : ; xn ] de�ne an isolated h yp ersurface

singularit y (also called f ) at the origin of Cn
. If the tangent c one tc (f ) � i.e. the

homogeneous part of f of the lo w est degree � has degree t w o then the singularit y

is called a double p oint .

An or dinary j -tuple p oint in Cn
is an isolated singularit y in Cn

whic h is lo cally

a cone o v er a smo oth h yp ersurface of degree j in Cn � 1
. An or dinary double p oint is

also called (or dinary) no de or A1 -singularity . This is equiv alen t to the prop ert y that

the hessian � i.e. the determinan t of the matrix of second order deriv ativ es of f �

do es not v anish at the singular p oin t. It is also equiv alen t to the prop ert y that f can

b e written in the form x2
1+ x2

2+ � � �+ x2
n in some lo cal co ordinates at the origin. More

generally , f is an A j -singularity if it can b e written in the form x j +1
1 + x2

2 + � � � + x2
n

in some lo cal co ordinates at the origin. W e call an A2 -singularit y an (or dinary)

cusp and an A3 -singularit y a tacno de . See, e.g., [ A GZV85a , A GZV85b , Dim87 ]

for more information on singularities.

The Maxim um Num b ers of Singularities. The maxim um n um b er of iso-

lated singularities of some giv en t yp e on h yp ersurfaces in some pro jectiv e space

will app ear throughout this w ork in di�eren t situations. T o clarify whic h maxim um

n um b er w e mean, w e will use di�eren t notations for eac h of these: Let d 2 N , n 2 N .

Let T b e a t yp e of an isolated h yp ersurface singularit y in Cn
(e.g., T = A1; A2; D4 ).

Then:

� � n (d) denotes the maxim um n um b er of singularities a h yp ersurface of

degree d in Pn
can ha v e.

� � n
T (d) denotes the maxim um p ossible n um b er of singularities of t yp e T on

a h yp ersurface of degree d in Pn
whic h has only singularities of t yp e T .

E.g., � 3
A 1

(d) is the maxim um n um b er of no des whic h a no dal surface in

P3
can ha v e.

� Man y results hold for h yp ersurfaces of degree d in Pn
with only rational

double p oin ts as singularities. W e th us in tro duce the notation: � n
Dp (d) .

� W e will need similar notations for other classes of singularities, e.g. � n
A (d)

for the maxim um p ossible n um b er of A j -singularities.

� By � n
j (d) w e denote the maxim um n um b er of ordinary j -tuple p oin ts a

h yp ersurface of degree d in Pn
can ha v e. E.g., � 5

3(d) is the maxim um

n um b er of ordinary 5-tuple p oin ts a surface in P3
can ha v e.

Our main ob ject of study are h yp ersurfaces in P3
, so w e write � (d) := � 3(d) ,

� T (d) := � 3
T (d) , etc. for short. F or a giv en h yp ersurface f in Pn

whic h has only

isolated singularities w e use similar notations. E.g., � (f ) denotes the n um b er of

singularities and � A 1 (f ) the n um b er of no des of f .

As already men tioned, these maximal n um b ers are only kno wn in v ery few cases.

Th us, upp er and lo w er b ounds for them will o ccur frequen tly in the main text. There

are some ob vious inequalities for n; d 2 N : � n (d) � � n
A (d) � � n

A 1
(d) . But notice
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that it is not kno wn if � n
A 1

(d) = � n (d) . I.e., it is not kno wn if the maxim um n um b er

of singularities can b e ac hiev ed with only ordinary double p oin ts.

Symmetry. Most of the examples whic h w e will encoun ter are symmetric in

the follo wing sense: If a group G acts on Pn (C) then a h yp ersurface in Pn (C) whic h

is giv en b y a homogeneous p olynomial f 2 C[x0; : : : ; xn ] is called G -symmetric if

f is G -in v arian t, i.e. if f 2 C[x0; : : : ; xn ]G .

Notice that it is not kno wn if the maxim um n um b er of singularities � n (d) on

a h yp ersurface of degree d in Pn
can alw a ys b e realized b y an example whic h is

G -symmetric, where G is not the trivial group. Nev ertheless, for studying h yp er-

surfaces with man y singularities, w e will often ha v e to restrict ourselv es to h yp er-

surfaces whic h are G -symmetric for some non-trivial �nite group G .

Main Results

Most of the results presen ted in this Ph.D. thesis ha v e already app eared as

preprin ts on arXiv.org [ Lab04, Lab05a , Lab05b , BLvS05 ], some others are al-

ready published or accepted for publication [ LvS03 , HL05 ]. The presen t w ork

places them in a bigger framew ork and giv es some additional information and re-

sults.

The previously unpublished con ten t includes in particular a large historical

surv ey on kno wn constructions and a new algorithm. This algorithm is certainly

the most imp ortan t result of this thesis: It reduces all kno wn constructions of no dal

surfaces of degree d � 8 with the maxim um kno wn n um b er of no des to a computer

algebra calculation (see part2, c hapter 9), and also yields the new results � (7) � 99,

� (9) � 226.

P art 1: Kno wn Constructions. The sub ject of h yp ersurfaces with man y

singularities has a long and ric h history whic h started with the classi�cation of the

singular cubic surfaces b y Sc hlä�i in 1963. In our opinion, it is necessary to kno w

these dev elopmen ts if one really w an ts to understand the ideas b ehind our new

constructions whic h form the main part of our w ork.

W e th us start with a historical o v erview of the sub ject. In fact, w e go sligh tly

b ey ond this and giv e some ob vious generalizations and detailed studies in cases in

whic h it seems appropriate to us. E.g., equation (2.9) whic h follo ws from Gallarati's

generalization of B. Segre's ideas sho ws that the maxim um n um b er � A 2 (6) of cusps

on a sextic is greater or equal to 36 whic h is a fact that has b een o v erlo ok ed for

some time. Another example is our concrete computation of V arc henk o's sp ectral

b ound in the case of A j -singularities (section 3.7 ). This leads to an in terpretation

of this b ound as so-called o ctahedral n um b ers in the case j � 2d � 1 (section 4.13 ).

P art 2: New Constructions and Algorithms. Our main results are con-

tained in the second part of this thesis. Therein, w e presen t some new constructions

of h yp ersurfaces with man y singularities whic h lead to new lo w er b ounds for the

maxim um n um b er � n
T (d) of singularities of t yp e T on a h yp ersurface of degree d

in Pn
in man y cases. In our opinion, the metho ds used for these constructions are

of indep enden t in terest themselv es b ecause they can certainly b e applied in man y

other situations.

A t �rst sigh t, our most imp ortan t result is certainly the construction of a surface

in P3
with 99 no des (c hapter 8 ) whic h sho ws:

99 � � (7) � 104:



4 INTR ODUCTION

This is the �rst construction of o dd degree d > 5 whic h exceeds the general lo w er

b ound giv en b y Chm uto v in 1992. After Chm uto v's disco v ery there app eared sur-

faces with more no des for d = 6 ; 8; 10; 12. These w ere found b y taking a family

of surfaces whic h dep ends on some parameters and eac h of whose mem b ers w as

in v arian t under some large symmetry group. The symmetry reduced the n um b er

of free parameters drastically , and it w as p ossible to determine these using other

geometrical argumen ts.

In large o dd degree the only useful symmetry one can imp ose seems to b e di-

hedral symmetry , i.e. the symmetry of the d-gon. But this kind of symmetry is

essen tially t w o-dimensional and th us lea v es us with man y parameters. The b est

w a y to solv e this problem seems to guess some additional geometric prop erties of

the hop efully existing surface with man y singularities � but ho w? Our idea is to

use exp erimen ts o v er prime �elds to get these ideas. Based on these additional geo-

metrical prop erties, it is then not v ery di�cult to use computer algebra to eliminate

all free parameters.

In some cases, it is ev en p ossible to solv e the problem completely algorithmi-

cally . Either b y directly w orking in c haracteristic zero and using elimination and

primary decomp osition (c hapter 7 ), or b y lifting the prime �eld parameters to c har-

acteristic zero using the c hinese remainder theorem together with a rational reco v ery

algorithm (c hapter 9). Indeed, w e implemen ted the latter algorithm as a Singular

library called sear chInF amilies.lib . Using this, it is a trivialit y to repro duce the

constructions of all kno wn records for � A 1 (d) for d � 7, ev en our o wn one for septics.

When applying it to the next in teresting case whic h is d = 9 w e obtain a nonic with

226 no des whic h sho ws:

226� � (9) � 246:

Our algorithm is v ery general so that it can certainly b e applied to man y other con-

crete problems in algebraic geometry . In our opinion, all this mak es the dev elopmen t

of this algorithm the most imp ortan t result of this thesis.

But w e do not only describ e algorithmic w a ys to construct some sp ecial ex-

amples. W e also giv e a general construction of h yp ersurfaces in Pn
with man y

A j -singularities whic h do es not use computers at all (c hapter 5 ). It is based on

Chm uto v's w ell-kno wn construction of no dal h yp ersurfaces. Our pro of uses the so-

called Dessins d'Enfan ts. The n um b ers of A j -singularities of our examples exceed

the kno wn lo w er b ounds in most cases. E.g. in P3
, w e get:

� A j (d) '
3j + 2

6j (j + 1)
d3; j � 2:

In Pn ; n � 5; our examples ev en impro v e the lo w er b ounds in the no dal case sligh tly .

W e then mak e a short excursus to the w orld of real algebraic geometry (c hapter

6 ). W e use a relation to the theory of real line arrangemen ts to sho w that the

n um b ers of no des of Bresk e's real v arian ts of Chm uto v's surfaces are in some sense

asymptotically the largest p ossible ones. This con�rms a conjecture of Chm uto v in

the sp ecial case of real line arrangemen ts.

Summarizing, w e get table 0.1 on the facing page whic h giv es the b est kno wn

lo w er and upp er b ounds for the maxim um n um b er � A j (d) of A j -singularities on a

surface of degree d for j = 1 ; 2; 3; 4.

W e mark those cases in b old in whic h our constructions impro v e (to our kno wl-

edge) the previously kno wn lo w er b ounds. F or j � 2 and d � 5, all b est kno wn

lo w er b ounds are either attained b y our examples from c hapter 5 or b y Gallarati's

generalization of B. Segre's idea whic h w e w ork out in detail in section 2.5 . The



MAIN RESUL TS 5

@
@j

d 3 4 5 6 7 8 9 10 11 12 d

1 � �
4

4

� �
16

16

� �
31

31

� �
65

65

� �
104

99

� �
174

168

� �
246

226

� �
360

345

� �
480

425

� �
645

600 � � �
4/9

5/12 � d3

2 � �
3

3

� �
8

8

� �
20

15

� �
37

36

� �
62

52

� �
98

70

� �
144

126

� �
202

159

� �
275

225

� �
363

300 � � �
1/4

2/9 � d3

3 � �
1

1

� �
6

6

� �
13

10

� �
26

15

� �
44

31

� �
69

64

� �
102

72

� �
144

114

� �
195

140

� �
258

198 � � �
8/45

11/72 � d3

4 � �
1

1

� �
4

4

� �
11

10

� �
20

15

� �
35

21

� �
54

32

� �
80

54

� �
112

100

� �
152

110

� �
201

132 � � �
5/36

7/60 � d3

T able 0.1. An o v erview of our main results on the lo w er/upp er

b ounds for the maxim um p ossible n um b er of A j -singularities on

surfaces in P3
. The b old n um b ers indicate the cases in whic h the

presen t w ork impro v es the previously b est kno wn lo w er b ounds.

constructions for the other surfaces reac hing the b est kno wn lo w er b ounds in the

no dal case (i.e., j = 1 ) are brie�y describ ed in our historical surv ey (part 1).

P art 3: Visualization. If a surface with man y singularities is de�ned o v er

the reals then it is sometimes nice to ha v e a picture of it. But this is not the only

reason wh y one w ould lik e to ha v e go o d visualizations of singular surfaces: In the

last part of this thesis w e sho w ho w to use our visualization to ols Spicy and surfex

to construct go o d equations for all 45 top ological t yp es of real cubic surfaces with

only rational double p oin ts. F urthermore, in man y cases visualization is a v ery go o d

to ol to understand the geometry of some constructions in an in tuitiv e w a y . And

this can help to construct new in testing examples based on these kno wn ones.

All pictures of algebraic surfaces in this thesis w ere pro duced using our Singu-

lar library surfex.lib . This is a Singular in terface for our to ol surfex whic h

also adds some features, e.g. the abilit y to dra w one-dimensional real parts of sur-

faces whic h are not con tained in the real t w o-dimensional comp onen t.







Figure on the preceding pages: Barth's 345-no dal icosahedral-symmetric dectic

from 1996. Lik e his famous 65-no dal sextic, Barth constructed it b y studying a

one-parameter family of symmetric surfaces. See [ Lab03a ] for more images and

mo vies of algebraic surfaces.



P art 1

Kno wn Constructions
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In tro duction

In this historical o v erview, w e presen t the w ork on the question on the maxim um

n um b er of singularities on a h yp ersurface of degree d in Pn := Pn (C) whic h has

b een done b efore the app earance of the presen t w ork. W e try to men tion all ma jor

results on the sub ject. It is clear that w e cannot go in to the details at man y places.

In view of our main results con tained in the other parts of this thesis, our fo cus will

b e on the geometry and equations of the h yp ersurfaces.

Some v ery brief surv ey articles ha v e already app eared on surfaces with man y

singularities (e.g., [ T og50 ], [ Gal84 ], [ End95 ]). Ours aims to b e a bit more exhaus-

tiv e in t w o senses: First, w e do not only men tion v ery few imp ortan t results; second,

w e do not only summarize the ideas, but w e also giv e some natural generalizations

and concrete examples. An example is our concrete computation of V arc henk o's

sp ectral b ound in the case of A j -singularities (section 3.7 ). This leads to an in-

terpretation of this b ound as so-called o ctahedral n um b ers in the case j � 2d � 1
(section 4.13 ).

Another aim of this surv ey is to giv e geometers who w an t to construct new

examples of h yp ersurfaces with man y isolated singularities a kind of encyclop edia

at hand whic h one can use to get new ideas or to com bine and impro v e old ones. A t

the same time, it can serv e as a guide to the literature whic h tries to b e as complete

as p ossible. Beside this, w e w an t to p oin t out some of the in teresting historical

dev elopmen ts b y presen ting this o v erview in (more or less) c hronical order and b y

indicating the relations b et w een the constructions as often as p ossible.

Our summary is devided in to four parts eac h of whic h starts with a short

in tro duction. This migh t b e particularly helpful for an impatien t reader who just

w an ts to get a v ery short o v erview. Finally , w e w an t to men tion that the large

n um b er of pap ers on the sub ject in v an Straten's library and one of his unpublished

notes ha v e pro v en to b e quite useful as a starting p oin t for our w ork.



A 16-no dal Kummer surface. In 1864, Kummer noticed that F resnel's w a v e surface

had 16 no des and that this w as indeed the maxim um p ossible n um b er of no des on

a quartic surface in P3
.



CHAPTER 1

The Imp ortan t First Steps (un til 1915)

After the trivial cases of degree d � 2, the �rst in teresting case is the one of

surfaces of degree three, the so-called cubic surfac es . These w ere already classi�ed

with resp ect to the singularities o ccuring on them in 1863 b y Sc hlä�i. Only one

y ear later, Kummer noticed that the maxim um n um b er of isolated singularities on

a quartic w as 16.

In the follo wing y ears, sev eral in teresting constructions and upp er b ounds ap-

p eared including Rohn's construction of surfaces of degree d with � 1
4 d3

no des and

Basset's upp er b ound � Dp (d) / 1
2 d3

for the maxim um n um b er of double p oin ts on a

surface of degree d. Also, the �rst no dal h yp ersurfaces in higher dimensions sho w ed

up, but mainly as a to ol for understanding surfaces in P3
in a b etter w a y .

1.1. Cubic Surfaces

One of the �rst ma jor ac hiev emen ts on algebraic surfaces w as Ca yley's and

Salmon's observ ation in 1849 that a smo oth cubic surface con tains lines exactly 27
lines [ Ca y49 ]. In fact, they also noticed [ Sal49b ] that there are still 27 lines when

certain singularities o ccur if the lines are coun ted with the correct m ultiplicit y . The

automorphism group of the con�guration of the 27 lines con tains the simple group

of order 25920 as an index t w o normal subgroup. This con�guration and the group

pla y ed an imp ortan t role in the dev elopmen t of group theory un til the end of the

19th

cen tury . See, e.g., Dic kson's b o ok [ Dic01 , c hapter XIV, p. 292-298].

1.1.1. Sc hlä�i's Classi�cation. Shortly after this disco v ery , Sc hlä�i pre-

sen ted the classi�cation with resp ect to the singularities and the realit y of the lines

[ Sc h63 ] (see also [ Sc h58 ] and [ Ca y69 ]). This v ery explicit article also con tains

man y (pro jectiv e) equations, e.g. of the four-no dal cubic surface

(1.1) Ca y 3 :=
1
x0

+
1
x1

+
1
x2

+
1
x3

= 0

whic h is no w ada ys often called Cayley Cubic (�g. 1.1 on the next page). T o our

kno wledge, it is not clear who �rst disco v ered its existence, but Ca yley w as certainly

one of the �rst to kno w it. An y four-no dal cubic is pro jectiv ely equiv alen t to this

one. Another nice equation of this cubic is the follo wing (compare also (1.5 )):

(1.2) Ca y 3 : x3
0 + x3

1 + x3
2 + x3

3 +
1
4

x3
4 = 0 ; x0 + x1 + x2 + x3 + x4 = 0 :

In c hapter 12 on page 141 w e giv e explicit a�ne equations and images for all real

top ological t yp es of cubic surfaces.

The class d� (f ) of a surface f of degree d is the n um b er of tangency p oin ts f
has with a generic p encil of h yp erplanes (see e.g., [ BW79 , section 3]). This n um b er

is also the degree of the dual surface f �
of f . A smo oth surface of degree d has

class d(d � 1)2
. In the times of Sc hlä�i's w ork men tioned ab o v e, it w as w ell-kno wn

13
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Figure 1.1. The four-no dal Ca yley Cubic with the a�ne equation:

4(x3 + 3 x2 � 3xy2 + 3 y2 + 1
2 ) + 3( x2 + y2)(z � 6) � z(3 + 4 z + 7 z2) .

It con tains exactly three lines of m ultiplicit y one and six lines of

m ultiplicit y four.

(apparen tly due to Salmon [ Sal47 ], [ Sal49a ], using results of P oncelet [ P on29 ,

Ÿ93], see also [ Sal80 ]) that eac h singularit y of t yp e A j of f diminishes the class b y

j +1 � 2 whic h giv es: d� (f ) � d(d� 1)2 � 2� A (f ); where � A (f ) denotes the n um b er

of A j -singularities of f . It w as also w ell-kno wn that for a surface of degree d � 3
w e ha v e d� (f ) � 3. This yields:

(1.3) � A (d) �
1
2

�
d(d � 1)2 � 3

�
:

d 1 2 3 4 5 6 7 8 9 10 11 12 d

� A (d) � 0 1 4 16 38 73 124 194 286 403 548 724 � 1
2 d3

T ogether with the existence of the four-no dal cubic (1.1 ) w e get:

(1.4) � (3) = � A (3) = � A 1 (3) = 4:

Kno wing that a cusp (i.e., an A2 -singularit y) reduces the class b y 3, the preced-

ing b ound can b e used to sho w that the maxim um n um b er of cusps is 3. F or higher

singularities this tec hnique is not su�cien t. E.g., it do es not giv e an y reason for

the non-existence of a cubic with an A8 -singularit y . In [ Sc h63 ], Sc hlä�i presen ts a

more detailed study of the geometry of A j -singularities to sho w that they only exist

on cubic surfaces for j � 5.

1.1.2. F urther Results. There are sev eral other imp ortan t w orks on cubic

surfaces whic h also in�uenced the theory of h yp ersurfaces with man y singularities.

E.g., Clebsc h's article [ Cle71 ] whic h con tains the description of his famous Diagonal

Cubic Surfac e in P3
with 27 real lines, see �g. 1.2 on the next page. It is giv en b y

cutting a � 5 -symmetric h yp ercubic with a � 5 -symmetric h yp erplane in P4
:

(1.5) Cle 3 : x3
0 + x3

1 + x3
2 + x3

3 + x3
4 = 0 ; x0 + x1 + x2 + x3 + x4 = 0 :

Although this surface is smo oth it will app ear again in subsequen t sections.

Klein's article [ Kle73 ] w as probably one of the �rst applications of deformation

theory to algebraic surfaces: Starting from a cubic surface with four no des he

constructed the other top ological t yp es of cubic surfaces b y deformations. F or a

recen t detailed classi�cation of real cubic surfaces with singularities, see [ KM87 ].
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Figure 1.2. The Clebsc h Diagonal Cubic. W e copied the equation

for this a�ne view from a Surf script of S. Endraÿ. In (1.5) he

replaced the x i b y the tetrahedral co ordinates y0 = 1 � x2 �
p

2x0 ,

y1 = 1 � x2 +
p

2x0 , y2 = 1 + x2 +
p

2x1 , y3 = 1 + x2 �
p

2x1 .

1.1.3. Mo dels of Surfaces. The algebraic geometers of the 19th

cen tury did

not only describ e abstract prop erties of cubic surfaces. They w ere also in terested

in the in tuitiv e understanding of their geometry . Clebsc h w as probably the �rst

who suggested to construct a real w orld (plaster) mo del of a cubic surface. A t his

suggestion, Wiener pro duced suc h a mo del of the Clebsc h Diagonal Cubic in 1869.

T ogether with some other mo dels, it w as presen ted at sev eral exhibitions in the

w orld. Other w ell-kno wn series of mo dels w ere pro duced b y Klein and Ro den b erg

(see [ Ro d04 ] and [ Ro d79 ]). F or more recen t w orks concerning real-w orld mo dels,

see [ Fis86 , Kae99 ] and c hapter 11 .

1.2. Kummer Quartics

Only one y ear after Sc hlä�i's classi�cation of the cubic surfaces, Kummer stud-

ied quartics with the maxim um n um b er of singularities systematically . In [ Kum75a ]

he remark ed in 1864 that F resnel's W a v e Surface w as an algebraic surface of degree

4 con taining 16 no des. This classical surface w as disco v ered in 1819 during F resnel's

studies on crystal optics and his ideas of a w a v e theory of ligh t (see [ OR ] for more

bibliographical information). The equation of F resnel's W a v e Surface presen ted in

[ Sal80 ] as an example of a quartic deriv ed from an ellipsoid (see �g. 1.3 on the

follo wing page) is:

F res a;b;c :=
�
(x2(R2 � b2)(R2 � c2)

�
+

�
y2(R2 � a2)(R2 � c2)

�

+
�
z2(R2 � a2)(R2 � b2)

�
� (R2 � a2)(R2 � b2)(R2 � c2);

where R2 := x2 + y2 + z2
and the constan ts a; b; c2 C can b e c hosen arbitrarily .

Kummer also noticed in [ Kum75a ] that 16 w as the maxim um p ossible n um b er

of singularities on a quartic � using the reasoning (1.3 ) based on the upp er b ound

for the class. This sho w ed:

(1.6) � (4) = � A (4) = � A 1 (4) = 16:

His systematic treatmen t of all 16-no dal quartics in [ Kum75a ] and [ Kum75b ] is

the reason wh y suc h surfaces are no w ada ys called Kummer Surfac es . W e copied a
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sligh tly adapted v ersion of Kummer's equation giv en in [ Kum75b ] from a Singu-

lar script of S. Endraÿ, see �g. 1.3 for a picture:

(1.7)

Ku � :=
�
x2 + y2 + z2 � � 2

� 2
� � y 0 y1 y2 y3;

� = 3� 2 � 1
3� � 2 ; � 2 C;

where the yi are the tetrahedral co ordinates already used for Clebsc h's Diagonal

Cubic in �g. 1.2 on the preceding page. A v ery nice b o ok on the Kummer quartic

w as written b y Hudson [ Hud90 ] a few y ears later. Another famous monograph on

singular quartic surfaces is [ Jes16 ].

Figure 1.3. F resnel's W a v e Surface F res 1; 3
10 ; 1

2
of 1819 has 16

no des only four of whic h are real. Kummer's tetrahedral-symmetric

Surface Ku 1:3 of 1864, instead, has 16 real no des.

1.3. Rohn's Construction of Quartics with 8�16 No des

In [ Roh86 ], Rohn studied quartics with 8�16 no des in a systematic w a y b y

examining the sextic plane curv e obtained as the branc h lo cus of the pro jection of

the quartic to a plane. The 16-no dal Kummer quartic corresp onds to the case in

whic h the sextics factors in to six straigh t lines.

One of his equations of the 12-no dal quartic is still one of the most imp ortan t

metho ds for �nding surfaces with man y singularities as w e will see later. Fig. 1.4

on the next page illustrates the idea for curv es with A2 -singularities. Rohn's case of

a quartic with 12 no des in v olv ed four planes and a smo oth quadric instead of lines

and circles, see �g. 1.5 on the facing page.

I am indebted to Viat. Kharlamo v who informed me of the fact that this idea

is con tained in Rohn's article (and is probably ev en older, compare e.g. Sc hlä�i's

article [ Sc h63 ]). All articles of the second half of the 20th

cen tury kno wn to us

attribute this construction to B. Segre, see section 2.2 . A reason for this migh t b e

that in his famous b o ok on singular quartic surfaces [ Jes16 ], Jessop attributes the

systematic treatmen t of quartics with man y no des to Rohn, but he neither giv es a

reference to Rohn's article [ Roh86 ], nor explains this construction explicitly .

F or the more general case of degree d, Rohn's construction (he only discusses

the sp ecial case d = 4 ) can b e describ ed as follo ws: d general h yp erplanes l i in P3

in tersect in

� d
2

�
lines whic h meet a general surface q of degree bd

2 c in

� d
2

�
bd

2 c � 1
4 d3

p oin ts. Th us, the surfaces

(1.8) Ro d :
dY

i =1

l i � q2 = 0
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x3 = 0 , y2 = 0 x3 � y2 = 0

x2 = 0 , (x + y)2 = 0 , (x � y)2 = 0 ,

�
x2 � (x + y)2 � (x � y)2

�

(x2 + y2 � 1)3 = 0 � (x2 + y2 � 1)3 = 0

Figure 1.4. Globalizing the lo cal equation of a singularit y .

E1;2;3;4 := Q := E1;2;3;4 � Q2

(x � y)(x + y)(y � z)(y + z) , (x2 + y2 + z2 � 1),

Figure 1.5. Rohn's 12-no dal surface [ Roh86 , p. 33] constructed

b y globalizing the lo cal equation of a no de.

ha v e

� d
2

�
bd

2 c =
� 1

4 d3 � 1
4 d2; d ev en

1
4 d3 � 1

2 d2 + 1
4 d; d o dd

no des.

1.4. Basset's Upp er Bound for Surfaces

Besides these constructions there also app eared new upp er b ounds. In 1906,

Basset [ Bas06a ], [ Bas06b ] impro v ed the b ound (1.3 ) for the maxim um n um b er

of isolated double p oin ts on a surface f of degree d in P3
. But the appro ximate

b eha viour did not c hange: � Dp (d) / 1
2 d3

. Basset's idea w as to pro ject a no dal

surface f of degree d and class d�
in P3

from a general p oin t. This yields a (d � 2)-

fold co v ering f ! P2
rami�ed along a plane curv e C of degree d(d � 1) and class

d�
. Applying the Plüc k er F orm ulas to C yields:

(1.9) � Dp (d) �
1
2

�
d(d � 1)2 � 5 �

p
d(d � 1)(3d � 14) + 25

�
:

Man y y ears later, Stagnaro remark ed that Basset's article w as not rigorous enough

and ga v e a mo dern pro of [ Sta83 ]. F urthermore, his pro of yielded a generalization

of Basset's b ound to ordinary q-fold p oin ts, see section 3.1.3 .
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The follo wing table giv es the kno wledge on � Dp (d) at this p oin t. Although

Rohn used the metho d describ ed ab o v e only for constructing quartics, w e list the

n um b er of no des on surfaces of higher degree that one obtains in this w a y . The b old

n um b ers indicate the cases in whic h Basset's upp er or Rohn's lo w er b ound impro v e

the previously kno wn b ounds:

d 1 2 3 4 5 6 7 8 9 10 11 12 d

� Dp (d) � 0 1 4 16 34 66 114 181 270 383 524 696 � 1
2 d3

� A 1 (d) � 0 1 4 16 20 45 63 112 144 225 275 396 � 1
4 d3

W e only w an t to men tion in passing that in the y ears after Basset's disco v ery ,

sev eral other p eople tried to impro v e his b ound. E.g., Lefsc hetz [ Lef13 ] and Holl-

croft [ Hol23 ], [ Hol28 ], [ Hol29 ] succeeded, but only under a certain assumption

whic h Lefsc hetz calls the �p ostulate of singularities�. As Lefsc hetz men tioned, for

plane curv es this p ostulate is equiv alen t to the �almost ob vious� admission that

when a curv e can ha v e � 1 cusps it can also ha v e an y n um b er of cusps smaller

than � 1 . No w ada ys, it is kno wn that suc h prop erties can b e sho wn b y pro ving the

non-obstructedness of a certain deformation functor.

1.5. Some Hyp ersurfaces in Higher Dimensions

1.5.1. C. Segre's 10-no dal Cubic in P4
. Already at the end of the 19th

cen tury , the �rst h yp ersurfaces in higher dimensions with man y singularities w ere

constructed: In 1887, C. Segre describ ed a 10-no dal cubic in P4
[ Seg87 ] (see also

[ Seg88 ], [ Cas88 ]) whic h is the maxim um p ossible n um b er b y an argumen t similar

to (1.3 ). It can b e sho wn that there is in fact only one suc h cubic up to pro jectiv e

equiv alence, see e.g. [ Kal86 ]. When denoting b y � j (x0; x1; : : : ; x5); j 2 N , the j -th

elemen tary symmetric p olynomial in P5
, C. Segre's cubic has the follo wing nice

equation:

(1.10) Seg 3 : � 1(x0; x1; : : : ; x5) = � 3(x0; x1; : : : ; x5) = 0 :

The 10 no des are the elemen ts of the � 6 -orbit of the p oin t (1 : 1 : 1 : � 1 : � 1 :
� 1). Another equally nice equation is (compare Clebsc h's Diagonal Cubic (1.5) in

section 1.1 on page 13 and Kalk er's cubics in section 3.11 on page 41 ):

(1.11) Seg 3 :
5X

i =0

x i =
5X

i =0

x3
i = 0 :

C. Segre also noticed (see [ Seg87 ] and also [ T og50 , p. 53]) that it is p ossible to

construct a Kummer quartic with the help of his 10-no dal Cubic in P4
(in fact, this

seems to b e his ma jor motiv ation for constructing the cubic in P4
). T o understand

this construction of the Kummer quartic, let us start with a cubic h yp ersurface H
in P4

and a general p oin t P on it. W e ma y assume that P has the co ordinates

(1 : 0 : 0 : 0 : 0) s.t. H has the form

H = F3 + 2 x0F2 + x2
0F1;

where the Fi 2 C[x1; x2; x3; x4] ha v e degree i = 1 ; 2; 3. The pro jection of H from P
to P3

is a 2-fold rami�ed co v ering with branc h lo cus

(1.12) � 4 := det
�

F1 F2

F2 F3

�
:
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In general, � 4 has 1�2�3 = 6 singularities at the p oin ts in whic h all the Fi , i = 1 ; 2; 3,

v anish. But if H is the 10-no dal Segre cubic Seg 3 then one exp ects to get 10
additional no des on � 4 . Indeed, in this w a y w e get the 16-no dal Kummer quartic.

1.5.2. Burkhardt's 45-no dal Quartic in P4
. In 1891, Burkhardt constructed

a quartic in P4
with 45 no des and sho w ed this to b e the maxim um p ossible n um b er

[ Bur91 ]. Its b eautiful geometrical and com binatorial prop erties connected to the

group of the 27 lines of the cubic surfaces w ere w ork ed out in [ Bak46 ] and [ T o d47 ].

The fact that the Burkhardt quartic is also unique up to pro jectiv e equiv alence is

a m uc h more recen t result [ dJSBdV90 ]. Similar to C. Segre's 10-no dal cubic, this

unique 45-no dal quartic can b e giv en b y elemen tary symmetric p olynomials:

(1.13) Bu 4 : � 1(x0; x1; : : : ; x5) = � 4(x0; x1; : : : ; x5) = 0 :

No w ada ys, w e kno w that the Burkhardt quartic is unobstructed whic h sho ws the

existence of quartics with exactly 0 up to 45 no des. Determinan tal equations for

suc h quartics w ere giv en only recen tly [ P et98 ].

1.5.3. Some Cubics with Man y Singularities. The �rst cubic in P5
with

the maxim um n um b er of ordinary double p oin ts w as V eneroni's 15-no dal h yp ersur-

face [ V en14 ]. The description of the space of all suc h h yp ercubics w as the main

sub ject of Kalk er's Ph.D. thesis 70 y ears later [ Kal86 ].

Lefsc hetz considered higher-dimensional h yp ersurfaces with man y higher singu-

larities. E.g., he constructed a cubic h yp ersurface in P4
with 5 cusps whic h is the

maxim um p ossible n um b er, see [ Lef12 ].



Barth's D5 -symmetric T ogliatti quin tic from 1993. T ogliatti already sho w ed the

existence of 31-no dal quin tics in 1940, but he did not giv e concrete equations.



CHAPTER 2

The Problem is Di�cult (1915�1959)

After the �rst fruitful y ears the dev elopmen t of the area of h yp ersurfaces with

man y singularities slo w ed do wn a bit. In fact, the �rst striking result after Basset's

upp er b ound of 1906 w as the construction of T ogliatti's 31-no dal quin tic surface in

1940 (section 2.1 ). It seems that it w as only after this disco v ery that the geometers

realized the di�cult y and relev ance of the problem (see e.g., [ T og50 ]).

In the follo wing y ears, sev eral pap ers app eared on the sub ject. The ma jor re-

sults in this direction w ere probably B. Segre's coun terexamples to Sev eri's claimed

upp er b ound (section 2.2 ), and B. Segre's observ ation that pull-bac k under a branc hed

co v ering is a go o d w a y to pro duce man y singularities (section 2.4 ).

2.1. T ogliatti's Cubics in P5
and Quin tic in P3

More than 20 y ears after V eneroni, T ogliatti also constructed 15-no dal cubics

in P5
[ T og36 ] ([ T og37 ] con tains a simpli�ed v ersion) and he also pro v ed that this

w as the maxim um p ossible n um b er of no des on suc h a h yp ersurface. As T ogliatti

remark ed on the last page of [ T og37 ], his family con tains V eneroni's as a sp ecial

case. His three-parameter family of 15-no dal cubics is:

(2.1) T og 3 : x3x4x5 + x3A + x4B + x5C = 0 ;

where A; B; C 2 C[x0; x1; x2] are de�ned as follo ws:

A := � x2
0 + lx 2

1 +
1
k

x2
2; B :=

1
l
x2

0 � x2
1 + hx2

2; C := kx2
0 +

1
h

x2
1 � x2

2;

and where the three parameters 0 6= h; k; l 2 C satisfy the condition hkl + 1 6= 0 . A

particularly nice equation of a 15-no dal cubic in P5
arises for h = k = l = 1 .

T ogliatti's cubics are m uc h b etter kno wn than V eneroni's b ecause T ogliatti used

them to sho w the existence of a 31-no dal quin tic surface T og 31 in P3
[ T og40 ] whic h

w as the �rst new lo w er b ound for the maxim um n um b er � (d) of singularities on a

surface of degree d in P3
since 50 y ears:

(2.2) � A 1 (5) � 31:

T ogliatti's construction is a v arian t of C. Segre's construction of the Kummer

quartic (1.12 ). T ogliatti started with a smo oth h yp ercubic H in P5
. As there are

four conditions on a line to b e con tained in suc h a cubic and as the Grassmanian

of lines has dimension 8, w e get a four-dimensional family of lines on a generic

h yp ercubic H . Assuming that the line l is giv en b y x2 = x3 = x4 = x5 = 0 , the

cubic can b e written in the from

H = A + 2 x1B + 2 x1C + x2
0D + 2 x0x1E + x2

1F;

where A; B; C; D; E; F 2 C[x2; : : : ; x5]. When in tersecting H � P4
with the P3

of

P2
's con taining l w e get a cubic consisting of the line l and a residual conic whic h

21
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will b e a pair of lines if

(2.3) � 5 := det

0

@
A B C
B D E
C E F

1

A = 0 :

� 5 is a quin tic surface in P3
with co ordinates x2; : : : ; x5 . This surface has 16

singular p oin ts corresp onding to the p oin ts in whic h all the 2 � 2 minors of the

matrix v anish. No w, if the h yp ercubic C in P5
has some no des one exp ects the

quin tic surface � to ha v e the same n um b er of extra no des. Using a 15-no dal cubic

w e get the desired 16+15 = 31 no des on � 5 whic h w e denote b y T og 31 in that case.

No w ada ys, all 31-no dal quin tics in P3
all called T ogliatti quin tics b ecause Beauville

sho w ed in [ Bea79b ] using a result of Catanese [ Cat81 ] that all 31-no dal quin tics

in P3
can actually b e obtained with T ogliatti's construction.

Other more explicit constructions of 31-no dal quin tics w ere giv en later: In 1983,

Stagnaro constructed a 31-no dal quin tic in P3
, and a real dihedral-symmetric suc h

quin tic w as found b y Barth in the 90's. The latter w as describ ed in Endraÿ's Ph.D.

thesis [ End96 ] (see also section 4.2 on page 47 ).

2.2. Sev eri's W rong Assumption and B. Segre's First Construction

In 1946, Sev eri wrote an article [ Sev46 ] on an upp er b ound of

� d+2
3

�
� 4 � 1

6 d3

singularities whic h w as sho wn to b e wrong b y B. Segre only shortly afterw ards

[ Seg47 ].

In fact, Sev eri considered the follo wing prop ert y as b eing in tuitiv ely clear: �
ordinary double p oin ts diminish the n um b er of mo duli of the surface at least b y � .

As Lefsc hetz already noticed (see end of section 1.4 ), w e ha v e to b e v ery careful

with suc h argumen ts. Burns and W ahl [ BW74 ] analyzed this problem in 1974:

They sho w ed that the minimal resolution X ! f of a � -no dal surface f of degree

d is unobstructed if and only if the set of no des � is d-indep enden t, i.e. for an y

partition � = � 0 [ � 00
, one ma y �nd a h yp ersurface of degree d con taining � 0

and

missing � 00
. T o obtain an example of a surface of the lo w est p ossible degree with

obstructed minimal resolution, they considered the v arian ts

(2.4) BW d :=
dY

i =1

l i (x0; x1; x2) � xd
3 = 0

of Rohn's construction (1.8 ) with

� d
2

�
singularities of t yp e Ad� 1 (the l i are general

linear forms in x0; x1; x2 ). Indeed, for d = 5 this is a quin tic with ten A4 -singularities

whic h is an example of an obstructed minimal resolution of a surface of the lo w est

degree.

Burns and W ahl [ BW74 ] also men tioned that B. Segre's coun terexamples

[ Seg47 ] to Sev eri's claim lead to unobstructed minimal resolutions. These can

b e constructed as follo ws. Consider the form

� := det

0

B
@

f 11 � � � f 1r
.

.

.

.

.

.

.

.

.

f r 1 � � � f rr

1

C
A ;

where f ij = f ji are forms of degree k in four v ariables. Suc h a surface � of degree

r �k in P3
has in general no des at the � :=

� r +1
3

�
�k3

p oin ts in whic h the (r � 1)� (r � 1)
minors of the matrix v anish.
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In section 9 of his article, B. Segre sp ecialized the f ij and got surfaces of degree

r �k with exactly � 1 := � + r
2 k2(k � 1) = rk

6 (r 2k2 + 2 k2 � 3k) no des. F or r = 2 , these

are surfaces of ev en degree d = 2 k with exactly

1
4 d3 � 1

4 d2
no des whic h dispro v ed

Sev eri's claim.

As already men tioned in section 1.3 on page 16 , Viat. Kharlamo v informed me

of the fact that for r = 2 , these surfaces had already b een found b y Rohn [ Roh86 ]

60 y ears earlier in the case of quartics.

T ogliatti [ T og50 ] ga v e an o v erview of the results on h yp ersurfaces with man y

singularities kno wn un til 1950 and p oin ted out the di�cult y of the sub ject. His

surv ey article turned out to ha v e some in�uence on the dev elopmen t of the sub ject:

In fact, sev eral authors cited this article as a motiv ation for w orking in this �eld in

the follo wing y ears.

2.3. Gallarati's General Constructions

In [ Gal51b ], Gallarati remark ed that the sp ecial case of r = 2 of B. Segre's

construction also w ork ed for o dd degree in order to sho w that Sev eri's claim fails

for all d � 12. Again, this w as basically a redisco v ery of Rohn's construction from

section 1.3 on page 16 .

Gallarati [ Gal51a ] also ga v e another construction of no dal surfaces of degree d
in P3

with appro ximately � 1
4 d3

no des. His construction impro v ed the old b ound 1.8

on page 16 in the lo w er order terms:

(2.5) � A 1 (d) �
� 1

4 d3+ 1
4 d2 � d; d ev en

1
4 d3� 1

4 d2 � 1
4 d + 1 ; d o dd :

It is in teresting to note that he also ga v e a construction of surfaces of o dd degree

d with exactly one triple p oin t and man y additional no des whose n um b er of no des

� (d) exceeded the previously men tioned ones:

(2.6) � (d) =
1
4

d3+
1
4

d2 �
9
4

d �
9
4

:

The follo wing table lists the b ounds kno wn up to this p oin t. Again, the b old n um-

b ers indiciate the cases in whic h Gallarati's construction impro v ed the previously

kno wn b ounds. In the cases in whic h � A 1 (d) di�ers from � (d) , w e giv e b oth n um-

b ers:

d 5 6 7 8 9 10 11 12 d

� Dp (d) � 34 66 114 181 270 383 524 696 � 1
2 d3

� A 1 (d) ( � (d)) � 31 57 72(81) 136 160(181) 265 300(337) 456 � 1
4 d3

2.4. B. Segre's Second Construction

In [ Seg52 ], B. Segre in tro duced another nice construction of surfaces with man y

singularities using pull-bac k under a branc hed co v ering. He considered the map


 : P3 ! P3; (x0 : x1 : x2 : x3) 7! (x2
0 : x2

1 : x2
2 : x2

3):

This map has degree eigh t and the pull-bac k of a form f (x0; x1; x2; x3) of degree

d under this map is a form f (x2
0; x2

1; x2
2; x2

3) of degree 2d. A no de of f outside

the co ordinate tetrahedron corresp onds to eigh t no des of the transformed surface.

T aking f to b e tangen t to the tetrahedron, one gets additional no des. In this w a y ,

B. Segre constructed surfaces of degree 4; 6; 8 with 16; 63; 153 no des, resp ectiv ely .
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E.g., for the Kummer quartic he to ok a tetrahedron eac h of whose four planes touc h

a smo oth quadric in generic p oin ts.

B. Segre explained that his construction can also b e applied to an y no dal surface

F0 of degree d0 with k0 no des. The resulting surface has degree 2d0 and 8k0 + 4
no des. Applied successiv ely to his 153-no dal o ctic and so on, this yields surfaces Fi

of degree d = 2 i � 8 with

(2.7) � A 1 (d) >
153
83 d3

no des. This w as the �rst time that an asymptotic lo w er b ound of more than

1
4 d3

singularities on a surface of degree d app eared. W e get the follo wing table (Basset's

upp er b ound w as still the b est one whic h w as v alid without additional assumptions):

d 5 6 7 8 9 10 11 12 d

� Dp (d) � 34 66 114 181 270 383 524 696 � 1
2 d3

� A 1 (d) ( � (d)) � 31 63 80(81) 153 180(181) 265 336(337) 508 � 153
512 d3

In his pap er, B. Segre also remark ed that it migh t b e p ossible to adapt his

construction of the 153-no dal o ctic to get a 160-no dal one. This w ould impro v e this

lo w er b ound to � 160
83 d3 = 5

16 d3
.

In the same pap er, B. Segre also tried to impro v e the upp er b ounds for a surface

f with only isolated double p oin ts. He did not succeed in general, but under the

assumption that f do es not p ossess an in�nite n um b er of tritangent planes (i.e.

planes whic h are tangen t to the surface in three p oin ts) and that its p ar ab olic curve

(the in tersection of the surface with its hessian) and its �e cno dal curve (the p oin ts

at whic h there is a line ha ving at least 4-p oin t con tact with the surface) do not

con tain an y common comp onen t. E.g., he sho w ed that � under these assumptions

� a quin tic cannot ha v e more than 31 singularities and a sextic cannot ha v e more

than 63 ones. Of course, this did not pro v e that there w ere no surfaces with more

no des, but it ga v e an idea where to searc h for suc h examples.

2.5. Gallarati's Generalization of B. Segre's Second Construction

Shortly after B. Segre's disco v ery , Gallarati [ Gal52a ] generalized the map 
 to

higher dimensions and higher singularities:

(2.8) 
 n
j : Pn ! Pn ; (x0 : x1 : � � � : xn ) 7! (x j

0 : x j
1 : � � � : x j

n ):

As an example analogous to B. Segre's construction of the Kummer quartic, Gal-

larati to ok a smo oth quadric in Pn
touc hing the n + 1 h yp erplanes of the co ordi-

nate (n + 1) -hedron in generic p oin ts. Via 
 n
2 this giv es a h yp erquartic in Pn

with

(n + 1) � 2n � 1
no des. E.g., Gallarati obtained a 40-no dal h yp erquartic V40 in P4

.

2.5.1. A F orm ula. Gallarati did not giv e a general form ula for the n um b er

and t yp e of singularities one obtains in this w a y . But it is easy to deriv e a form ula

for h yp ersurfaces with A j -singularities similar to B. Segre's case of no dal surfaces

in P3
: Let F0 b e a h yp ersurface in Pn

of degree d0 with k0 singularities of t yp e

A j . T ak e n + 1 general h yp erplanes tangen t to F0 as the co ordinate (n + 1) -hedron.

The degree of the map 
 n
j +1 is (j + 1) n

a w a y from the co ordinate h yp erplanes. It is

(j + 1) n � 1
on a general in tersection p oin t of t w o of the co ordinate h yp erplanes, and

(j +1) n � i ; i = 2 ; 3; : : : ; n; for ev en more sp ecial p oin ts on the co ordinate h yp erplanes.
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F or our generic c hoice of co ordinate h yp erplanes tangen t to F0 the pull-bac k under


 n
j +1 th us giv es a h yp ersurface F1 in Pn

of degree d1 := ( j + 1) �d0 with

(2.9) � A j (F1) = ( j + 1) n �k0 + ( n + 1) �(j + 1) n � 1

singularities of t yp e A j . E.g., applied to a smo oth quadric in P3
this giv es:

Cor ollar y 2.1 . L et j 2 N . Ther e exist surfac es in P3
of de gr e e d = 2 �(j + 1)

with 4�(j + 1) 2
singularities of typ e A j .

Sp ecializing ev en further to n = 3 ; j = 2 , w e obtain:

(2.10) � A 2 (6) � 36:

Notice that this is quite in teresting b ecause w e kno w no w ada ys from Miy aok a's

b ound (section 3.10 on page 40 ) that � A 2 (6) � 37 holds.

Applying the preceding construction to F1 , w e obtain a h yp ersurface F2 in Pn

of degree d2 := ( j + 1) 2�d0 with

� A j (F2) = ( j + 1) n �
(j + 1) n �k0 + ( n + 1) �(j + 1) n � 1�

+ ( n + 1)( j + 1) n � 1

singularities of t yp e A j . Iterating this, w e get a h yp ersurface Fi of degree di :=
(j + 1) i �d0 with

(2.11) � A j (Fi ) = ( j + 1) ni �k0 +
n + 1
j + 1

�
� (j + 1) n ( i +1) � 1

(j + 1) n � 1
� 1

�

singularities of t yp e A j . Appro ximately , w e th us ha v e:

(2.12) � A j (Fi ) �
1

dn
0

�
�

k0 +
(n + 1) �(j + 1) n � 1

(j + 1) n � 1

�
�dn

i for i large :

Notice that it is easy to compute ho w man y singularities w e need to impro v e

the b est kno wn lo w er b ounds using the form ula (2.12 ). E.g., let us lo ok at no dal

surfaces: T o impro v e Chm uto v's lo w er b ound � 5
12 d3

for the maxim um n um b er of

no des on a surface of degree d (section 4.1 on page 45 ) it su�ces to construct a

surface of degree d0 with k0 no des, s.t. k0 > 5
12 d3

0 � 16
7 . Comparing this with the

b est kno wn upp er b ound (section 3.10 on page 40 ), w e �nd, e.g., that a 13652-no dal

surface of degree 32 or a 109225-no dal surface of degree 64 w ould b e su�cien t.

W e also w an t to men tion that B. Segre's idea w as redisco v ered and w ork ed

out in detail in the case of plane curv es with A j -singularities b y Hirano in 1992

[ Hir92 ]. E.g., he found the lo w er b ound of � 9
32 d2

cusps on a plane curv e of degree

d in the w a y describ ed ab o v e b y starting from a smo oth conic. T o our kno wledge,

the curren tly b est kno wn lo w er b ound for the maxim um n um b er of cusps on a

plane curv e is Vik.S. Kulik o v's [ Kul03 ]. He w as able to c ho ose at ev ery other step

of the iteration one of the co ordinate axes to b e bitangen t to the curv e whic h giv es

� 2
A 2

(d) ' 283
60�16 d2

when starting from a three-cuspidal quartic. D. P accagnan (a

studen t of Stagnaro) announced in an abstract of a talk at the ICM 1998 a sligh tly

b etter lo w er b ound, but this w as nev er published. The curren tly b est kno wn upp er

b ound is: � 2
A 2

(d) � 5
16 d2 � 3

8 d. This result is probably due to Ivinskis [ Ivi85 ], see

also: [ Hir86 ], [ Sak93 ]. T o our kno wledge, the maxim um n um b er of cusps on a

plane curv e of degree d is still unkno wn for d > 12.
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2.5.2. Gallarati's Applications of the Construction. In his article, Gal-

larati p erformed the computation presen ted in the previous section in the sp ecial

case of no dal surfaces in P3
, i.e. j = 2 and n = 3 . This ga v e a sligh t impro v emen t to

B. Segre's lo w er b ound b ecause B. Segre only considered one co ordinate h yp erplane

(instead of four) to b e tangen t to the surface. F or the maxim um n um b er of no des

on a surface of degree d = 2 k � 8 Gallarati th us obtained:

(2.13) � A 1 (d) '
�

153
512

+
1

224

�
d3 :

But one cannot only obtain h yp ersurfaces with man y A j -singularities using this

construction as Gallarati's example of a surface of degree 9 in P3
with 36 ordinary

triple p oin ts sho w ed. This surface is nicely connected to cubic surfaces with Ec k ardt

p oin ts: He started with a smo oth cubic surface with four Ec k ardt p oin ts, i.e. p oin ts

in whic h three of the 27 lines meet. T aking as the co ordinate tetrahedron the four

planes tangen t to these Ec k ardt p oin ts, 
 3
3 yields a nonic with 4 � 32 = 36 triple

p oin ts (recen tly , Stagnaro used similar ideas to get 39 triple p oin ts [ Sta04 ]).

Gallarati then used the 40-no dal quartic V40 in P4
obtained ab o v e to construct

a sextic in P3
in a w a y similar to the construction of the Kummer quartic (1.12 )

and the T ogliatti quin tic (2.3 ): T aking one of the no des of V40 as the origin P :=
(1 : 0 : � � � : 0) of the co ordinate system, V40 has the form:

(2.14) V40 := x2
0F2 + 2 x0F3 + F4 = 0 ;

where Fi 2 C[x1; x2; x3; x4] are of degree i; i = 2 ; 3; 4. The pro jection from P to

the P3
giv en b y x0 = 0 is a 2-fold rami�ed co v ering with branc h lo cus

(2.15) Ga 63 := det
�

F2 F3

F3 F4

�
:

Ga 63 has 2�3�4 + (40 � 1) = 63 double p oin ts whic h is the same n um b er of no des

as B. Segre's sextic. Gallarati also remark ed that a similar construction could not

w ork if w e started with a 45-no dal quartic in P4
b ecause it w ould giv e a 68-no dal

sextic whic h is not p ossible b ecause of Basset's b ound. But it is in teresting to note

that v an Straten's suggestion to try to start with the 3-parameter family of 42-no dal

quartics yields a 3-parameter family of 65-no dal sextics as sho wn in [ P et98 ], see

also section 4.5 on page 50 .

2.6. Kreiss's Construction

In 1955, Kreiss describ ed a construction of some surfaces of ev en degree d = 2 k
with man y no des [ Kre55 ]. Similar to a construction of Casteln uo v o [ Cas91 ], they

ha v e the form

f = Q(f 1; f 2; f 3);

where Q(u; v; w) is a conic in P2
and the f i are forms of degree k whic h are assumed

to de�ne k3
simple p oin ts. A generic surface f has these k3

p oin ts as no des. W e

no w tak e h yp erplanes E ij ; i = 1 ; 2; 3; j = 1 ; 2; : : : ; n; and put f i :=
Q k

j =1 E ij :
The �bre of the rational map P3 ! P2; x 7! (f 1(x) : f 2(x) : f 3(x)) o v er a

generic p oin t of the form (0 : � : � ) will ha v e k
� k

2

�
singular p oin ts corresp onding to

the in tersection p oin ts of the

� k
2

�
lines E1i \ E1j with the surface �f 2 � �f 3 = 0 : If

one c ho oses the conic Q to b e tangen t to u = 0 ; v = 0 ; w = 0 in P2
one obtains a
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surface of degree d = 2 k with

(2.16) � A 1 (d) � k3 + 3 k
�

k
2

�
=

5
16

d3 �
3
8

d2 ; d = 2 k; k 2 N;

singularities whic h are all no des in general.

Then Kreiss assumed that in the net spanned b y f 1; f 2; f 3 there w as a fourth

surface f 4 = af 1 + bf2 + cf 3 whic h decomp osed as a pro duct of k linear forms. Then

b y making Q also tangen t to the line au + bv+ cw = 0 in P2
w e w ould get a surface

with k3 +4 k
� k

2

�
= 3 k3 � 2k2

singular p oin ts. T o sho w this, Kreiss argued as follo ws:

T o ha v e a syzygy of the form

P 4
i =1 E1i � � � Eki = 0 b et w een four k -tuples of linear

forms w e ha v e 16k co e�cien ts at our disp osal whic h are sub ject to

� k+3
3

�
algebraic

equations. As the inequalit y 16k �
� k+3

3

�
holds exactly for k � 7, Kreiss claimed to

ha v e constructed surfaces of degree d = 2 k; 2 � k � 7; with

(2.17) 3k3 � 2k2 =
3
8

d3 �
1
4

d2; d = 2 k; 2 � k � 7;

no des.

V an Straten remark ed that suc h a construction is indeed p ossible for k = 2 if

one tak es the three pairs of parallel planes of a cub e, but that the problem with

Kreiss's argumen t for other k is the fact that one has to remo v e degenerate solutions

of the ab o v e set of equations and that this migh t lea v e us with the empt y set.

Nev ertheless, Kreiss's w ork is often cited, and it to ok a long time un til con-

structions giving at least the n um b er of no des that Kreiss's construction w ould

giv e. Because of this in�uence, w e list the lo w er b ounds that Kreiss claimed to ha v e

found despite v an Straten's previously men tioned remark:

d 4 6 8 10 12 14

� A 1 (d) � 16 63 160 325 576 931

T aking in to accoun t Gallarati's impro v emen t (2.13 ) of B. Segre's lo w er b ound based

on an existing no dal surface, w e get with the 576-no dal do dectic the existence of

surfaces of degree d = 2 k � 12 with

(2.18) � (d) '
253
756

d3 � 0:3347d 3

no des.

2.7. Gallarati's 160-no dal Construction

Despite Kreiss's 160-no dal o ctic in P3
, Gallarati wrote an article on another

suc h surface b ecause of its in teresting construction [ Gal57 ]. He started with the

form

V 9 = x1x2x3x4x5 � y1y2y3y4y5

in P9
. V is singular along the 100P5

's obtained b y equating t w o of the x i and t w o

of the yi to zero. So, a general linear section giv es a family of 100-no dal quin tics

in P4
. Gallarati then argued that one could c ho ose this section so that it acquired

a triple p oin t P and that the lines joining P and the 100 no des of the quin tic w ere

not con tained in the tangen t cone at P . Th us the rami�cation lo cus of the form

(2.19) Ga 160 := det
�

F3 F4

F4 F5

�
= 0

has 3 � 4 � 5 + 100 = 160 no des.
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Moreo v er, Gallarati remark ed that it migh t b e p ossible to sp ecialize further and

to obtain an o ctic with more than 160 no des in this w a y . T o our kno wledge, this is

still unkno wn.

V an Straten men tioned that it migh t b e p ossible to go to still higher dimensions:

E.g., a general linear section of

V 13 = x1x2x3x4x5x6x7 � y1y2y3y4y5y6y7

in P3
has 225 no des. Again, one migh t hop e to b e able to c ho ose this section so

that it acquires a quadruple p oin t whic h could then giv e a surface of degree 10 with

4 � 5 � 6 + 225 = 345 no des. This w ould b e the same n um b er of no des as Barth's

dectic (see section 4.5 on page 50 ). Some questions arising from this observ ation

are the follo wing: Do es this construction w ork? If it do es, is the surface di�eren t

from Barth's (section 4.5 )? Can w e go on?
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3
7 , constructed around 1982 using T c heb yc hev p olynomials.

V arian ts of this basic idea are still the b est ones for constructing h yp ersurfaces with

man y no des of high degree.



CHAPTER 3

Mo dern Metho ds (1960�1990)

F rom the 1960's on, a systematic theory of singularities (see e.g. [ Mil68 ],

[ A GZV85a , A GZV85b ]) and their deformations w as dev elopp ed. These new

metho ds allo w ed signi�can t impro v emen ts of the kno wn b ounds around 1980.

Highligh ts of the p erio d b et w een 1960 and 1990 w ere Beauville's pro of for

� A 1 (5) = 31 in 1979 (section 3.3 ) as w ell as V arc henk o's (1983, section 3.7 ) and

Miy aok a's (1984, section 3.10 ) upp er b ounds. These w ere the �rst upp er b ounds

for the maxim um n um b er of no des on a surface of degree d whic h had a b etter

asymptotic b eha viour than the 100 y ear-old upp er b ound � Dp (d) / 1
2 d3

based on

the class of the surface. In fact, Miy aok a's b ound � Dp (d) / 4
9 d3

is still the b est

kno wn b ound for surfaces and V arc henk o's sp ectral b ound is still the b est kno wn

one for h yp ersurfaces in higher dimensions. The strength of V arc henk o's b ound can

b e illustrated b y the fact that it is exact for cubic h yp ersurfaces in Pn
as Kalk er's

examples from 1986 sho w ed (section 3.11 ). Another imp ortan t con tribution w as

Chm uto v's idea to use T c heb yc hev p olynomials for constructing h yp ersurfaces with

man y singularities (section 3.8 ).

3.1. Stagnaro's Results on Surfaces with Man y Singularities

3.1.1. Surfaces with a j -tuple P oin t. In [ Sta68 ], Stagnaro considered sur-

faces in P3
of the form

(3.1) F2m + j : x2m
0 Fj + 2 xm

0 Fm + j + F2m + j = 0 ;

where Fi 2 K [x1; x2; x3] are forms of degree i , i 2 f j; m + j; 2m + j g and K is an

algebraicly closed �eld of a c haracteristic whic h is not a 2m(2m + 1) divisor. The

surfaces F2m + j ha v e a j -tuple p oin t in (1 : 0 : 0 : 0).

F or j = 1 and m = 2 q � 1 he then c hose the Fi in a sp ecial w a y s.t. F2m + j =
F4q� 1 w as a surface of degree 4q� 1 with 4q(2q� 1)2

no des and 12q� 9 singularities

of t yp e A2(q� 1) . His reasoning still con tained an arbitrary form � 2(q� 2) of degree

2(q� 2). F or a particular example, this can b e c hosen in a particular w a y to obtain

ev en more singularities. E.g., this allo w ed him to sho w the existence of a septic

F7 with 72 no des and 16 additional cusps. Notice that the previously b est lo w er

b ound for � (d) , 81, w as also giv en b y a construction of surfaces with singularities

di�eren t from no des, namely Gallarati's surfaces with a triple p oin t and additional

no des (2.6 ):

(3.2) � (7); � Dp (7) � 88; although still, w e ha v e only: � A 1 (7) � 72:

With the help of the 28 bitangen ts to a quartic plane curv e, Stagnaro then used

the ab o v e tec hnique to sho w the existence of surfaces F2m +4 of degree 2m + 4 with

m
� 2m +8

2

�
isolated double p oin ts and an ordinary quadruple p oin t in (1 : 0 : 0 : 0).

E.g., for m = 2 this is an o ctic with a quadruple p oin t and 132 additional no des.

31
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3.1.2. A Sextic with 64 No des and a Septic with 90 Singularities. 10

y ears later [ Sta78 ], Stagnaro constructed a surface of degree 6 with 64 singularities

whic h sho w ed:

(3.3) � A 1 (6) � 64:

Notice that un til this p oin t, three sextics with 63 no des had b een kno wn (see sec-

tions 2.4 , 2.6 , 2.5 ). A ccording to B. Segre's upp er b ound men tioned at the end of

section 2.4 , a 64-no dal sextic cannot v erify B. Segre's assumptions. And indeed,

Stagnaro sho w ed that his sextic St 64 had an in�nite n um b er of tritangen t planes.

Its construction is based on a v ery sp ecial con�guration of lines and conics in the

plane.

1

With an analogous metho d he constructed a surface of degree 7 with 72 no des

and 18 additional cusps. These are t w o more cusps than those of the example of

the previous section. W e ha v e:

(3.4) � A (7) � 90; although still, w e ha v e only: � A 1 (7) � 72:

Under certain assumptions, Stagnaro also ga v e a sligh t impro v emen t of Basset's

upp er b ound whic h computes to 65 for the case of degree 6. No w ada ys, w e kno w

that 65 is the correct b ound for sextics (see section 4.5 on page 50 ).

3.1.3. Stagnaro's Upp er Bound for Ordinary q-fold P oin ts. In [ Sta83 ],

Stagnaro ga v e a mo dern pro of of Basset's b ound and generalized it to ordinary q-

fold p oin ts. Denoting b y � q(d) the maxim um n um b er of q-fold p oin ts on a surface

of degree d, he sho w ed:

(3.5) � q(d) �
4d(d � 1)(d � 2)
q(q � 1)(4q � 5)

and also:

(3.6)

� q(d) � 1
2q(q� 1) 3

�
�

2d(d � 1)2(q � 1) � 13q+ 16

�
p

4d(d � 1)(3d � 11q+ 8)( q � 1) + (13 q � 16)2
�

:

The exactness of (3.5) for d = 5 w as already kno wn [ Gal52b ]. An in teresting

remark of Stagnaro w as that this b ound is exact in sev eral other cases, to o (although

(3.6 ) is b etter for d large). T o pro v e this, he to ok the follo wing generalization of

Casteln uo v o's construction [ Cas91 ] (see also section 2.6 ): He considered surfaces

As ; Bs; Cs of degree s meeting in s3
distinct p oin ts. If Fq is a generic form of degree

q then

(3.7) Stag s;q := Fq(As ; Bs; Cs)

is a surface of degree s�q in P3
with s3

ordinary q-fold p oin ts. Pla ying this against

(3.5 ), he sho w ed that s3
w as the maxim um n um b er of q-fold p oin ts on a surface of

degree s�q if

(3.8) q �
1
8

�
3(3s3 � 4s2 + 3) +

p
9(3s3 � 4s2 + 3) 2 � 16(5s3 � 8s + 5)

�
:

This yielded an in�nite n um b er of cases in whic h the exact v alue of � q(d) w as

kno wn. E.g., for s = 2 , (3.8 ) is equiv alen t to q � 8, so for a surface of degree 2�q,

1

V an Straten c hec k ed Stagnaro's equation of St 64 using computer algebra and found it to

b e wrong. Its construction consists of sev eral pages of geometrical argumen ts, so ma yb e the

construction is basically correct, but only con tains some t yp os. Because of the length y argumen t

w e w ere not able to �gure this out.
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q � 8, the maxim um n um b er of q-fold p oin ts is 23 = 8 . So, � 8(16) = 8 , � 9(18) = 8 ,

etc. In general, the criterion giv es exactness only for cases in whic h the m ultiplicit y

of the ordinary singularities are large compared to the degree.

Beside this, Stagnaro summarized the b est kno wn constructions un til this p oin t

in a table. There, he cited his septic from [ Sta78 ] (section 3.1.2 ) with 72 no des and

18 cusps as a surface with 90 ordinary double p oin ts whic h yielded some confusion

in the literature of the follo wing y ears.

Only shortly afterw ards, Stagnaro wrote a preprin t [ Sta84 ] (cited in [ Gal84 ]

and [ W er87 ]) in whic h he claimed to construct a sextic with 66 no des whic h w ould

b e the maxim um p ossible n um b er of double p oin ts according to Basset's upp er

b ound. But shortly afterw ards, (in his o wn MathSciNet review of Gallarati's his-

torical o v erview), Stagnaro noticed that his construction w as false. Since [ JR97 ],

w e kno w that suc h a sextic cannot exist (see also section 4.5 ).

3.2. T eissier's and Piene's F orm ulas for the Class

The geometers of the 1970's realized that the old form ulas for the class of a

singular h yp ersurface (see for example the one preceding equation (1.3 )) w ere either

not general enough or not pro v en in a rigorous w a y . This (and generalizations of

suc h results) w ere the motiv ation for T eissier [ T ei75 ] and Piene [ Pie78 , p. 266]

to sho w that if a h yp ersurface f of degree d in Pn
has only isolated singularities

s1; : : : ; sk then its class d�
can b e computed:

(3.9) d� = d(d � 1)n � 1 �
kX

i =1

esi ;

where esi denotes the m ultiplicit y of the Jacobian Ideal at a singular p oin t si . This

n um b er esi can also b e expressed as follo ws (see [ Bru81 ]): esi = � (si ) + � 1(si ) ,

where � (si ) is the Milnor n um b er of the singularit y of f at si and � 1(x) is the

Milnor n um b er of a generic h yp erplane section of f through si . Since d� � 0 and

� (si ) + � 1(si ) � 2, this giv es:

(3.10) � (d) �
1
2

d(d � 1)n � 1:

This w as the �rst upp er b ound for the maxim um n um b er of singular p oin ts of a

h yp ersurface f with only isolated singularities whic h held in this generalit y . F or

surfaces in P3
with only double p oin ts, this b ound w as of course not as go o d as

Basset's b ound (section 1.4 ), b ecause it w as a generalization of the b ound whic h

had b een kno wn b efore the app earance of Basset's results.

3.3. Beauville's Pro of of � A 1 (5) = 31 Using Co ding Theory

The �rst ma jor breakthrough after the results of the 19th

cen tury w as Beauville's

pro of for

(3.11) � A 1 (5) = 31:

He called a set of isolated ordinary double p oin ts si ; i 2 I; on a quin tic f
in P3

even if the sum of their exceptional divisors E i on the blo wn up surface F
w as divisible b y t w o in Pic (F ) or equiv alen tly that the sum of the E i w as zero in

H 2(F; Z=2). Beauville sho w ed that ev en sets of no des con taining 16 and 20 elemen ts

w ere the only non-empt y ones on a no dal quin tic (these actually o ccur, see [ Bea79a ]

and [ Cat81 ]). Supp osing that the quin tic f had at least 32 no des s1; : : : ; s32 , he

asso ciated to the E i a homomorphism � : F32
2 ! H 2(F; Z=2). This � has a k ernel
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K of dimension dim(K ) � 6. Lo oking at K � F32
2 as a co de o v er the �eld with t w o

elemen ts, its only w eigh ts are 16 and 20 according to the remark ab o v e. But this

con tradicts the follo wing fact from co ding theory: If the w eigh ts of K are greater

or equal to

m
2 then m � 2dim( K ) � 1

; in case of equalit y , K is isomorphic to a co de

whic h has

1
2 dim(K ) as its only w eigh t.

3.4. Bruce's Upp er Bounds

In [ Bru81 ], Bruce impro v ed the general upp er b ound (3.9 ) for the n um b er of

singular p oin ts on a h yp ersurface of degree d in Pn
with only isolated singularities.

F or surfaces in P3
of o dd degree d, his b ound is also b etter than Basset's b ound, al-

though it still sta y ed � 1
2 d3

. F or the maxim um n um b er � (d) of isolated singularities

on a h yp ersurface of degree d in Pn
, he sho w ed:

(3.12)

� (d) � 1
2d ((d � 1)n (d + 1) + ( d � 1)) ; n ev en ;

� (d) � 1
2 (d � 1)n ; n o dd ; d o dd ;

� (d) � 1
2d ((d � 1)n (d + 1) + 1) ; n o dd ; d ev en :

His pro of w as based on a deformation theoretical result of Siersma [ Sie74 ] and the

computation of the rank of the in tersection matrix of xd
1 + xd

2 + � � � xd
n for n ev en and

of xd
1 + xd

2 + � � � xd
n + x2

n +1 for n o dd using [ Mil68 ]. F or the maxim um n um b er of

singularities on a surface in P3
, the follo wing b ounds w ere kno wn up to this p oin t:

d 5 6 7 8 9 10 11 d

� (d)( � A 1 (d)) � 32 ( 31) 73 ( 66) 108 193 ( 181) 256 401 ( 383) 500 � 1
2 d3

� A 1 (d)( � (d)) � 31 64 72 ( 90) 160 160( 181) 325 300( 337) � 1
3 d3

Notice that Bruce's list [ Bru81 , p. 50] do es not sho w Gallarati's surfaces of degree

d = 9 ; 11 with a triple p oin t and 180 and 336 additional no des, resp ectiv ely (see

section 2.3 on page 23 ).

3.5. Catanese's and Ceresa's Sextics with up to 64 No des

Clemens's w ork on double co v ers of P3
[ Cle83 ] (see also section 3.13 ) and

his notion of defect raised new in terest on the problem of the existence and the

construction of surfaces f of degree d in P3
ha ving a giv en n um b er � 0 of no des as

its only singularites.

Suc h questions w ere motiv ations for Catanese and Ceresa to construct sextics

in P3
with an y giv en n um b er � 0 = 1 ; 2; : : : ; 64 of no des [ CC82 ]. They applied B.

Segre's idea to use pull-bac k under a branc hed co v ering, see section 2.4 on page 23 .

B. Segre had only obtained a 63-no dal sextic in this w a y . F or the construction of a

64-no dal one the authors th us had to use di�eren t sp ecializations of the co ordinate

tetrahedron.

Catanese and Ceresa also claimed to ha v e sho wn that 64 is the maxim um n um-

b er of no des p ossible on a sextic constructed in this w a y . Barth's 65-no dal sextic

[ Bar96 ] dispro v ed this, see section 4.5 on page 50 .

3.6. Giv en tal's Upp er Bound

Only a few y ears after Beauville's pro of that the maxim um n um b er of no des on

a quin tic in P3
w as exactly 31, Giv en tal established a general upp er b ound [ Giv84 ]
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for the maxim um n um b er of isolated singularities on a h yp ersurface of degree d in

Pn
whic h computes to 31 in the case of quin tic surfaces.

It is w orth noting that the pro of of his b ound is m uc h simpler than the one

of V arc henk o's sp ectral b ound (see section 3.7 ). There is a dra wbac k to this: The

appro ximate b eha viour of Giv en tal's b ound is still � (d) / 1
2 dn

. But for lo w degree

it is m uc h b etter than the previously kno wn b ounds:

d 5 6 7 8 9 10 11 12 d

� (d)( � Dp (d)) � 31 68 ( 66) 104 180 247 376 484 680 � 1
2 d3

� A 1 (d)( � (d)) � 31 64 72 ( 90) 160 160( 181) 325 300( 337) 576 � 1
3 d3

Giv en tal's b ound can b e computed as follo ws: Let I b e the set of m ultiindices m ,

lying strictly inside the n -dimensional cub e with side d:

(3.13) I := f m 2 Z n j 0 < m i < d g:

W e giv e names to the n um b er of elemen ts in the follo wing subsets of I :

M := #
�

jmj =
�

n
2 + 2 k

�
d
	

;

K := #
�

jmj =
�

n
2 + 2 k � 1

�
d
	

;

R := #
�

jmj �
�

n
2 + 2 k � 1

�
d = � 1 or � 1

2

	
;

where jmj := m1 + � � � + mn as usual and k 2 Z . With these notations, Giv en-

tal's upp er b ound on the maxim um n um b er � n (d) of isolated singularities on a

h yp ersurface of degree d in Pn
is:

(3.14) � n (d) �
1
2

((d � 1)n + M � K � R) :

As the ma jor motiv ation for the researc h on the sub ject, Giv en tal men tioned

the follo wing conjecture on the n um b er of singular p oin ts on a h yp ersurface. It w as

form ulated b y Arnold in 1981 in a discussion of Bruce's article [ Bru81 ] as V arc henk o

said in the in tro duction of [ V ar83 ]: Arnold suggested the b ound � n (d) � An (d) ,

where

(3.15) An (d) := #
�

(k1; : : : ; kn ) 2 I
�
�
�

1
2

(n � 2)d + 1 <
X

ki �
1
2

nd
�

:

An (d) is th us a certain n um b er of in teger p oin ts within an n -dimensional cub e.

Giv en tal's b ound is sligh tly greater than An (d) for most degrees. No w ada ys, the

n um b ers An (d) are called Arnold n um b ers. The correctness of Arnold's conjecture

w as sho wn only shortly afterw ards b y V arc henk o (see next section).

3.7. V arc henk o's Sp ectral Bound

Not long after Giv en tal's new upp er b ound, V arc henk o w as able to pro v e the

conjecture of Arnold (see equation (3.15 )) b y sho wing a theorem on the sp ectrum

of a singularit y [ V ar83 ]. Basically , the sp ectrum consists of the eigen v alues of the

mono drom y op erator of the singularit y , see e.g. [ Kul98 ], [ A GZV85b , c h. 14] for

details on the sp ectrum. V arc henk o's no w ada ys called Sp ectral Bound w as the �rst

upp er b ound for the maxim um n um b er of singularities on a surface of degree d
whic h had an appro ximativ e b eha viour of less than

1
2 d3

. In fact, he sho w ed:

(3.16) � n (d) � A n (d);
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where An (d) is the Arnold n um b er de�ned in (3.15 ). F or surfaces in P3
, this com-

putes to:

(3.17) � (d) �
� 23

48 d3 � 9
8 d2 + 5

6 d; d � 0 mod 2;
23
48 d3 � 23

16 d2 + 73
48 d � 9

16 ; d � 1 mod 2:

This leads to the follo wing table:

d 5 6 7 8 9 10 11 12 d

� (d)( � A (d)) � 31 68 ( 66) 104 180 246 375 480 676 � 23
48 d3

� A 1 (d)( � (d)) � 31 64 72 ( 90) 160 160( 181) 325 300( 337) 576 � 1
3 d3

Arnold and Giv en tal computed the appro ximate b eha viour of An (d) :

(3.18) An (d) �

r
6

�n
dn + O(dn � 1) for large n:

As already men tioned, V arc henk o's previous b ound is based on a prop ert y of

the sp ectrum of a singularit y , more precisely the so-called semicon tin uit y of the

sp ectrum (see [ V ar83 ] and also [ Kul98 ], [ A GZV85b , c h. 14]). It cannot only

b e applied to ordinary double p oin ts, but to an y t yp e of isolated singularit y in n -

dimensional space for whic h it is p ossible to compute the sp ectrum. F or man y cases,

this computation has already b een p erformed. The sp ectrum can ev en b e calculated

using Endraÿ's Singular library spectrum.lib or Sc h ulze's library gaussman.lib .

These libraries also con tain pro cedures for computing the b ound for the maxim um

n um b er of singularities of a giv en t yp e on a h yp ersurface of degree d in Pn
based

on the semicon tin uit y prop ert y:

LIB "gaussman.lib"; LIB "spectrum.lib";

proc varchenko_bound _g ene ra l(i nt n, int d, poly sing) {

poly p = 0;

for(int i=1; i<=n; i=i+1) { p = p + var(i)^d; }

list s = spectrumnd(p);

list ss = spectrumnd(sing) ;

return(spsemicon t( s,l is t(s s) ,1 )[1 ]) ; }

E.g., with this pro cedure the Singular co de

ring r = 0,(x,y,z),ds;

varchenko_bound _ge ne ra l(3 , 7, x^2+y^2+z^2);

giv es 104 whic h is the V arc henk o's b ound for the maxim um n um b er of no des

on a septic surface in P3
.

T o explain ho w to compute form ulas for the b ound in more general cases, let us

lo ok at A j -singularities on surfaces of degree d in P3
. It is kno wn that V arc henk o's

sp ectral b ound can b e describ ed b y a p olynomial of degree 3 in d, but w e could

not �nd explicit statemen ts for j > 1 in the literature. In the follo wing w e explain

brie�y ho w to pro ceed in order to compute these p olynomials.

F or ev en degree d � 4 the sp ectrum sp(d) of the singularit y xd + yd + zd = 0
in C3

consists of the sp ectral n um b ers sd(i ) = i +2
d ; i = 1 ; 2; : : : ; 3(d � 1) � 2, with

m ultiplicities md(i ) , where

� md(1) = 1 ,

� md(i + 1) = md(i ) + 1 + i; i < d � 1,

� md(i + 1) = md(i ) + 2( i mid � i ) + 1 ; d � 1 � i < i mid := 3d
2 � 2,

� md(3(d � 1) � 1 � i ) = md(i ); 1 � i � i mid (symmetry of the sp ectrum).
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The sp ectrum of an A j -singularit y is also w ell-kno wn (see e.g. [ A GZV85b , p. 389]).

Its sp ectral n um b ers are

j +2
j +1 ,

j +3
j +1 , . . . ,

2j +1
j +1 , all with m ultiplicit y 1.

Example 3.1 . The sp e ctrum sp(6) of the singularity x6 + y6 + z6
is:

i 1 2 3 4 5 6 7 8 9 10 11 12 13
sp ectral n um b er si

3
6

4
6

5
6

6
6

7
6

8
6

9
6

10
6

11
6

12
6

13
6

14
6

15
6

m ultiplicit y mi 1 3 6 10 15 18 19 18 15 10 6 3 1

The sp e ctr al numb ers of the A2 -singularity ar e:

8
6 ; 10

6 , b oth with multiplicity 1. 2

T o compute V arc henk o's b ound w e ha v e to c ho ose an op en in terv al of length 1,

sa y I = ( i r +2 � d
d ; i r +2

d ) , of the sp ectrum sp(d) whic h con tains all sp ectral n um b ers

of the A j -singularit y and suc h that the sum of the m ultiplicities of the sp ectral

n um b ers in the in terv al is minimal. Then w e ha v e to sum up all the m ultiplicities

in this in terv al and divide b y j .

Let us write d = k�(j + 1) + l . Then w e ma y c ho ose I := ( i r +2 � d
d ; i r +2

d ) , where

i r := k�(2j + 1) +
j

l � (2 j +1)
j +1

k
� 1. W e in tro duce some notations: n l := i mid � (d � 1),

nr := i r � i mid � 1, nll := d � 1 � nl � nr , mmid =
P d� 1

i =1 i + ( d
2 � 1)2

. Using

these w e can compute V arc henk o's b ound V ar A j (d) for the maxim um n um b er of

A j -singularities on a surface of degree d in P3
for the case d; j 2 N with d � 4:

(3.19)

V ar A j (d) = 1
j �

�
1
2 �

� P d� 1
i =1 i +

P d� 1
i =1 i 2 �

P d� 1� n ll
i =1 i �

P d� 1� n ll
i =1 i 2

�

+( nr + nll ) � mmid �
P n r

i =1 i 2 �
P n l � 1

i =1 i 2
�

2

Example 3.2 . L et us lo ok at the c ase d = 6 ; j = 2 as in example 3.1 . In this

c ase, the c onstants use d ab ove have the fol lowing values: k = 2 , l = 0 , i r = 9 ,

i mid = 7 , nl = 2 , nr = 1 , nll = 2 , mmid = 19 . W e c an now e asily c ompute the

b ound V ar A 2 (d) in (3.19 ) for d = 6 (c omp ar e the table in example 3.1 ):

V ar A 2 (6) =
1
2

�
� 15 + 55 � 6 � 14

2| {z }
=10+15

+ 3 � 19� 1 � 1| {z }
=18+19+18

�
= 40: 2

Using some summation form ulas w e �nd the follo wing b ounds for d � 4:

� � A 1 (d) � V ar A 1 (d) =
� 23

48 d3 � 9
8 d2 + 5

6 d; d � 0 mod 2;
23
48 d3 � 23

16 d2 + 73
48 d � 9

16 ; d � 1 mod 2:

� � A 2 (d) � V ar A 2 (d) =

8
><

>:

31
108 d3 � 25

36 d2 + 1
2 d; d � 0 mod 3;

31
108 d3 � 31

36 d2 + 17
18 d � 10

27 ; d � 1 mod 3;
31
108 d3 � 7

9 d2 + 3
4 d � 5

27 ; d � 2 mod 3:

� � A 3 (d) � V ar A 3 (d) =

8
>>><

>>>:

235
1152 d3 � 49

96 d2 + 13
36 d; d � 0 mod 4;

235
1152 d3 � 235

384 d2 + 785
1152 d � 35

128 ; d � 1 mod 4;
235
1152 d3 � 37

64 d2 + 173
288 d � 3

16 ; d � 2 mod 4;
235
1152 d3 � 209

384 d2 + 569
1152 d � 35

384 ; d � 3 mod 4:

The form ulas are not correct for d = 3 for some j b ecause the sp ectrum of the

x3 + y3 + z3 = 0 singularit y do es not ha v e enough sp ectral n um b ers to �t in to the

description ab o v e.
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3.8. T c heb yc hev P olynomials and Hyp ersurfaces with Man y No des

Chm uto v suggested (see [ A GZV85b , p. 419] or V arc henk o's o v erview article

[ V ar84 , p. 2782]) to consider the h yp ersurface TChm

n
d of degree d in Pn

with a�ne

equation:

(3.20) TChm

n
d :

n � 1X

j =0

Td(x j ) =
�

0; n ev en ;
� 1; n o dd ;

where

(3.21) Td(z) :=
b d

2 cX

i =0

(� 1)i
�

n
2i

�
zn � 2i (1 � z2) i

denotes the T c heb yc hev p olynomial of degree d ha ving t w o critical v alues � 1 (see

[ Riv74 ]). Td can b e recursiv ely de�ned as follo ws:

(3.22) T0(z) := 1 ; T1(z) := z; Td(z) := 2 z�Td� 1(z) � Td� 2(z):

These p olynomials ha v e man y other nice prop erties. W e only men tion t w o more of

them. First, the Td(z) satisfy the equation:

(3.23) Td(cos(� )) = cos( d� ); � 2 [0; � ];

and its deriv ativ e T 0
d(z) v anishes at � k := cos

�
k�
d

�
; 1 � k � d � 1 whic h giv es rise

to a maxim um (resp. minim um) if k is ev en (resp. o dd). Second, the plane curv es

C1 := Td(x) + Td(y) (resp. C2 := Td(x) � Td(y) ) factor in to

d
2 irreducible conics

(resp.

d� 2
2 irreducible conics and t w o lines) if d is ev en and they b oth factor in to

d� 1
2 irreducible conics and a line if d is o dd (see [ W er87 , p. 34]).

y = T7(x) TChm

2
7 = 0 TChm

2
7 = 5 z TChm

3
7 = 0

Figure 3.1. The Geometry of Chm uto v's Hyp ersurfaces.

It is easy to see that the h yp ersurfaces TChm

n
d are singular exactly at the p oin ts

(� k1 ; : : : ; � kn ); 1 � ki � n � 1, where bn
2 c of the indices ki are o dd and the other

are ev en (see �g. 3.1 for an illustration of the case n = 2 ). All singularities are

no des and their n um b er is

� ( TChm

n
d ) = cn dn + O(dn � 1);

where c3 = 3
8 and more precisely � ( TChm

3
d) = 3

8 d2(d� 2) if d is ev en and � ( TChm

3
d) =

3
8 (d � 1)3

if d is o dd. This sho w ed:

(3.24) � A 1 (d) '
3
8

d3
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whic h w as the b est appro ximate b eha viour for n = 3 kno wn up to this p oin t. It

is easy to compute the exact n um b er also in higher dimensions, e.g. for d o dd

and n ev en w e get � ( TChm

n
d ) =

�
d� 1

2

� n
�
� n

n= 2

�
no des. A computation of Giv en tal

concerning the appro ximate b eha viour with resp ect to n sho w ed: cn �
q

2
�n for

large n , see [ V ar84 , p. 2782] (compare (3.18 )). When assuming the correctness of

Kreiss's construction, it impro v es the b ounds for lo w degree d only in a few cases:

d 5 6 7 8 9 10 11 12 d

� (d)( � A (d)) � 31 68 ( 66) 104 174 246 360 480 645 � 4
9 d3

� A 1 (d)( � (d)) � 31 64 81 ( 90) 160 192 325 375 576 � 3
8 d3

3.9. Giv en tal's Cubics in Pn

Giv en tal (see [ A GZV85b , p. 419], [ V ar84 , p. 2782]) used Chm uto v's idea to

construct cubics in Pn
with a n um b er of no des that almost reac hed V arc henk o's

sp ectral b ound. Instead of T c heb yc hev P olynomials whic h are p olynomials with

few critical v alues in one v ariable, he used a p olynomial with few critical v alues in

t w o v ariables: T o understand the construction, let us start with a regular triangle

R3(x; y) = x3 � 3xy2 + 3 x2 + 3 y2 � 4

whose non-zero critical p oin t has critical v alue +1 , see �g. 3.2 .

y = T3(x) R3(x; y) = 0 z � R3(x; y) = 0

Figure 3.2. The T c heb yc hev P olynomial T3(x) of degree three

and a regular triangle, once seen in the plane, once in space.

Then the n um b er of singular p oin ts (all are no des) of the cubic h yp ersurface in

Pn
with a�ne equation

(3.25) Giv

n
3 :

n
2 � 1X

j =0

(� 1)j � (1+( n mo d 2)) R3(x2j ; x2j +1 ) = � (n mo d 2)
T3(xn � 1) � 1

2
;

is gn � 2n
q

16
3�n for n large. Giv en tal also noticed that An (3) � 2n

q
8

�n for n large

whic h sho w ed:

gn
A n (3) �

q
2
3 � 0:8165. In fact, V arc henk o's sp ectral b ound is exact

for cubics in Pn
as Kalk er sho w ed only shortly afterw ards, see section 3.11 .

In b oth cited texts [ A GZV85b , p. 419], [ V ar84 , p. 2782], the equations for

Giv

n
3 are only giv en for n � 0 mod 4, but they list the n um b ers of no des that can

b e obtained using Giv en tal's construction. These n um b ers can b e realized using the

equations giv en ab o v e:
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n 1 2 3 4 5 6 7 8 9 n

� n (3) = � n
A 1

(3) = 1 3 4 10 15 35 56 126 210
� n +1

b n
2 c

�

� n (3) � 1 3 4 10 15 33 54 118 189 � 2n
q

16
3� n

3.10. Miy aok a's Bound for Surfaces with Rational Double P oin ts

P arallel to V arc henk o's sp ectral b ound, there app eared another v ery imp ortan t

upp er b ound due to Miy aok a. In [ Miy84 ], Miy aok a pro v ed an inequalit y that he

could apply to a normal surface f d of degree d in P3
with only rational double

p oin ts as singularities to pro v e:

(3.26) � Dp (d) �
4
9

d(d � 1)2 :

This is still the b est kno wn upp er b ound for the maxim um n um b er of rational double

p oin ts on a surface in P3
for large degree. Only for o dd lo w degree, V arc henk o's

b ound is b etter in some cases. The follo wing table giv es the b ounds kno wn up to

this p oin t:

d 5 6 7 8 9 10 11 12 d

� (d)( � Dp (d)) � 31 68 ( 66) 104 174 246 360 480 645 � 4
9 d3

� A 1 (d)( � (d)) � 31 64 81 ( 90) 160 192 325 375 576 � 1
3 d3

Miy aok a's b ound can also b e applied to compute the maxim um n um b er of

some particular t yp e of rational double p oin ts: Let X p b e the germ of a quotien t

singularit y (C=Gp)0 , where Gp is a �nite subgroup of GL (2; C) ha ving the origin

as its unique �xed p oin t. Let

eX E b e the minimal resolution of X p and E the

exceptional divisor. The Euler n um b ers e( eX E ) and e(E) coincide. Put � (p) :=
e(E) � 1

jGp j : The non-negativ e rational n um b er � (p) is an analytic in v arian t of

the quotien t singularit y X p whic h is not di�cult to compute in the cases w e are

in terested in:

(3.27)

� (p) = 0 if X p is smo oth ;

� (p) = 2 � 1
j if X p is an ordinary j -tuple p oin t ;

� (p) = j + 1 � 1
j +1 = j ( j +2)

j +1 if X p is an A j -singularit y :

Miy aok a sho w ed: If X is a pro jectiv e surface with only rational double p oin ts

p1; : : : ; pk and whose dualizing line bundle OX (K x ) is n umerically e�ectiv e, then

(3.28)

kX

i =1

� (pi )+ e(D) � c2( eX )�
1
3

(K X + D)2 = 12� (OX )�
1
3

(4K 2
X +2 K X D + D 2)

for an y e�ectiv e normal crossing divisor D a w a y from the singularit y . No w, let

f d � P3
b e a normal surface of degree d with only rational double p oin ts p1; : : : ; pk .

Then (3.28 ) implies:

(3.29)

kX

i =1

� (pi ) �
2
3

d(d � 1)2:

E.g., as � (p) � 3
2 for singular p oin ts, w e get (3.26 ). F or an y �xed j 2 N , (3.27 )

yields for the maxim um n um b er � A j (d) of A j -singularities on a surface of degree d
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in P3
:

(3.30) � A j (d) � Miy A j
(d) :=

2
3

j + 1
j (j + 2)

d(d � 1)2 :

There also exists a generalization of Miy aok a's result to more general singularities

b y J. W ahl, see section 4.10 and [ W ah94 ].

3.11. Kalk er's Cubics in Pn

In his Ph.D. thesis [ Kal86 ], Kalk er ga v e examples of cubics in Pn
that sho w ed

that V arc henk o's sp ectral b ound for the maxim um n um b er � n (3) of singularities on

cubic h yp ersurfaces in Pn
w as sharp for all n 2 N :

(3.31) � n (3) = An (3) =
�

n + 1�
n
2

�
�

:

He de�ned cubics Kal

n
3 as generalizations of the equations of the four-no dal Ca yley

cubic in P3
(1.2) and C. Segre's cubic in P4

(1.11 ) (w e c hose a sligh tly di�eren t

notation for Kalk er's equations for o dd n in order to underline the similarit y to the

Ca yley cubic):

(3.32) Kal

n
3 :

P n +1
i =0 x3

i = 0 ;
P n +1

i =0 x i = 0 ; for n ev en ;
P n

i =0 x3
i + 1

4 x3
n +1 = 0 ;

P n +1
i =0 x i = 0 ; for n o dd :

The singularities of these cubics in Pn
are exactly the p oin ts in whic h the t w o

h yp ersurfaces in Pn +1
are tangen t to eac h other (�g. 3.3 ).

Kal

1
3 � P1

Kal

2
3 � P2

Figure 3.3. The Geometry of Kalk er's Hyp ersurfaces. Kal

1
3 � P1

consists of t w o p oin ts, one doubled: In the pro jectiv e view one can

see the (blac k) fermat cubic x3
0 + x3

1 + 1
4 x3

2 touc hing the h yp erplane

x0 + x1 + x2 ' P1
in one p oin t and meeting it transv ersally in

another one. T o illustrate the construction of the Kalk er cubic

Kal

2
3 � P2

whic h tak es place in P3
, w e tak e the a�ne c hart x3 = 1 .

Here one sees the three p oin ts in whic h the h yp erplane x0 + x1 +
x2 + 1 ' P2

touc hes the cubic x3
0 + x3

1 + x3
2 + 1 3

. Kal

2
3 consists of

three lines.

The follo wing table lists the n um b ers of no des on Kalk er's h yp ercubics. This is

one of the v ery rare cases in whic h w e kno w the maxim um n um b er of singularities:

n 0 1 2 3 4 5 6 7 8 9 10 n

� n (3) = � n
A 1

(3) = 0 1 3 4 10 15 35 56 126 210 462
� n + 1

b n
2 c

�
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Of course, this construction can also b e generalized to higher degrees, although

Kalk er did not men tion it b ecause he w as only in terested in cubics. Moreo v er, this

construction do es not seem to b e v ery go o d for d > 3.

3.12. T w o No dal Quin tics in P4

Since the end of the 19th

cen tury , the maxim um n um b ers of no des on a three-

fold in P4
of degree � 4 are kno wn, see 1.5 on page 18 . W e ha v e just seen that

V arc henk o's b ound is exact for cubics in an y dimension. In 1985 and 1986, Hirze-

bruc h [ Hir87 ] and Sc ho en [ Sc h86 ] constructed the �rst examples that came close to

V arc henk o's upp er b ound (section 3.7 on page 35 ) for quin tics in P4
: � 4(5) � 135.

Sc ho en's quin tic

(3.33) Sc h

4
5 :

4X

i =0

x5
i � 5

4Y

i =0

x i = 0

has exactly 125 no des (see also [ W er87 , p. 84]).

He w as only in terested in threefolds, but it is ob vious ho w his construction can

b e generalized to higher dimensions. But the v arian ts

g
Sc h

d� 1

d in Pd� 1
giv en b y

g
Sc h

d� 1
d :

P d� 1
i =0 xd

i � d
Q d� 1

i =0 x i = 0 ha v e only dd� 2 = dn � 1
no des.

Hirzebruc h's quin tic can also b e generalized to higher dimensions and other

degrees. In fact, the construction is exactly Giv en tal's (3.25 ), but instead of a

triangle R3(x; y) , he to ok a �v e-gon

R5(x; y) = x5 � 10x3y2 + 5 xy4 � 5x4 � 10x2y2 � 5y4 + 20x2 + 20y2 � 16

(see �g. 3.4 ) and Hirzebruc h only applied it in four-dimensional space b ecause he

w as only in terested in quin tic threefolds. The (d � 1)2 = 16 distinct critical p oin ts

of R5(x; y) lie on three di�eren t critical lev els:

� 5
2

�
= 10 ha v e critical v alue 0 (the

in tersections of the �v e lines), 5 with critical v alue v1 (within eac h triangle) and 1
with critical v alue v0 6= 1 (the cen ter).

R5(x; y) = 0 z � R5(x; y) = 0

Figure 3.4. The regular �v e-gon, once seen in the plane, once in space.

It is no w clear that the quin tic in P4
giv en b y

(3.34) Hirz

4
5 : R5(x0; x1) � R5(x2; x3) = 0

has exactly 126 ordinary no des, 100 coming from the in tersection of t w o lines, and

25 + 1 others. Th us:

(3.35) � 4
A 1

(5) � 126:
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In view of Giv en tal's idea (3.25 ), this construction can also b e generalized to

higher dimensions and degrees. Although w e could not �nd this generalization in

the literature, its basic idea w as certainly kno wn to those w orking on the sub ject

at that time. W e denote b y R5(x; y) the regular �v e-gon normalized s.t. the critical

v alue o v er the origin is +1 . Notice that then the other non-zero critical p oin t is � 1.

W e can translate Giv en tal's equations (3.25 ) for cubics w ord b y w ord:

(3.36) GH

n
5 :

n
2 � 1X

j =0

(� 1)j � (1+( n mo d 2)) R5(x2j ; x2j +1 ) = � (n mo d 2)
T5(xn � 1) � 1

2
:

F or lo w n , w e get the follo wing n um b ers of no des on quin tics in Pn
:

n 1 2 3 4 5 6 7 8 9

� n (5) � 2 10 31 135 456 1918 6728 27876 100110

� n
A 1

(5) � 2 10 31 126 420 1620 5750 23126 78300

If w e replace in GH

n
5 the p olynomial R5(x; y) b y another p olynomial of degree

d whic h has exactly three critical v alues of the form 0; 1; � 1 then the form ula can

b e used v erbatim. Instead, if it is not p ossible to bring the critical v alues of a

p olynomial in to this form then another form ula is b etter, see e.g. 4.1 on page 45 .

3.13. The Defect and the Existence of Certain No dal Hyp ersurfaces

In [ Cle83 ], Clemens in tro duced the notion of defect � (X ) := b4(X ) � b2(X ) of

a no dal h yp ersurface X in Pn
, where bi denotes the i th

Betti n um b er. If X deforms,

but main tains its n um b er of no des, the defect remains constan t.

Based on this article, Borcea [ Bor90 ] considered the sp ecial case of no dal three-

folds with trivial dualizing sheaf and w as able to in terpret the defect as follo ws: Let

X b e a quin tic threefold with � (X ) no des and defect � (X ) . Then there exist quin tics

with 0 � k � � (X ) no des with at most � (X ) exceptions. The same holds for double

solids rami�ed o v er a no dal o ctic surface. This result can b e seen as a generaliza-

tion of a result of Greuel/Karras in [ GK89 ] whic h states that h yp ersurfaces with

all lo w er n um b ers of no des exist if X is unobstructed, i.e. if a certain cohomology

group v anishes. Using the defect, their condition can b e written as � (X ) = 0 .

Sev eral p eople computed the defect in some sp ecial cases. E.g., W erner [ W er87 ]

treated the case of sev eral v arian ts of Chm uto v's o ctics whic h are of the form pre-

sen ted in section 3.8 mo dulo sign c hanges. Among these, there is a 108-no dal

example with defect � = 0 . Using Borcea's previous result this sho ws the existence

of o ctics with 0; 1; : : : ; 108 no des. Another of the o ctics has 144 no des and defect

� = 9 . Th us b et w een 108 and 144 at most nine gaps ma y app ear. Sc ho en's quin tic

in P4
(section 3.12 on the facing page) has 125 no des and defect � = 24 . Th us,

up to 125 at most 24 gaps ma y exist, but most of them ha v e to o ccur for large

n um b ers of no des b ecause Borcea giv es an 100-no dal example with defect � = 3 . T o

our kno wledge it has not b een c hec k ed y et whic h n um b ers of no des actually o ccur

on o ctic surfaces or quin tic threefolds. It migh t b e p ossible to apply our metho ds

presen ted in part 2 of this thesis for this purp ose b ecause most of the examples can

certainly b e found in some ob vious families.



Endraÿ's 168-no dal o ctic from 1996. He lo cated it within a �v e-parameter family

of D8 � Z 2 -symmetric 112-no dal surfaces of degree eigh t.



CHAPTER 4

Recen t Results (1991 un til no w)

Since Miy aok a's and V arc henk o's upp er b ounds for the maxim um p ossible n um-

b er of no des from the early 1980's there has not y et app eared an y essen tially new

idea for pro ducing new upp er b ounds. But since the early 1990's sev eral new lo w er

b ounds ha v e b een found.

First of all, Chm uto v impro v ed his o wn general construction in the case of no dal

surfaces and threefolds. Both families are still the b est kno wn ones for general

degree.

Apart from that, sev eral sp ecial cases ha v e b een impro v ed. E.g., v an Straten

constructed a quin tic in P4
with 130 no des, and Barth constructed his famous sextic

in P3
with 65 no des. Using metho ds similar to Beauville's pro of of � A 1 (5) = 31 ,

Ja�e and Rub erman w ere then able to sho w that � A 1 (6) = 65 . So, � A 1 (d) is kno wn

for d � 6.

In the cases of degree 8; 10; 12 there also app eared constructions exceeding

Chm uto v's general lo w er b ound. But for o dd degree d > 5 no suc h surface w as

found.

P arallely , p eople started to consider also other singularities of small degree.

E.g., Barth constructed a quartic with the maxim um n um b er of 8 cusps and a

quin tic with 15 cusps. Based on results of Nikulin and Urab e on K3 lattice theory ,

Y ang completed the en umeration of all com binations of singularities on quartics in

P3
using computers.

4.1. Chm uto v's Hyp ersurfaces using F olding P olynomials

When trying to generalize Giv en tal's cubics from section 3.9 on page 39 in the

case of surfaces to higher degree d one realizes the follo wing. F or the n um b er of no des

on the resulting surfaces only the critical p oin ts with t w o di�eren t critical v alues

on a plane curv e are relev an t. This immediately leads to the question what the

maxim um n um b er of critical p oin ts on t w o critical lev els of a plane curv e of degree

d is. Of course, a trivial upp er b ound is 2�
� d

2

�
� d2

. Chm uto v succeeded in pro ving

a stronger result [ Chm84 ] similar to V arc henk o's sp ectral b ound. In [ Chm95 ] he

men tioned the sp ecial case of non-degenerate critical p oin ts for whic h this leads to

an upp er b ound of � 7
8 d2

critical p oin ts on t w o lev els. As he remark ed in [ Chm92 ],

this b ound immediately implies a b ound for the maxim um n um b er � 3
sep

(d) of no des

on a surface of degree d of the form of Giv en tal's cubics p(x; y)+ q(z) = 0 (he called

them surfac es in sep ar ate d variables ):

(4.1) � 3
sep

(d) /
7
16

d3:

This is less than Miy aok a's upp er b ound:

7
16 d3 = 63

144 d3 < 64
144 d3 = 4

9 d3
. Th us, it is

not p ossible to reac h Miy aok a's upp er b ound with surfaces in separated v ariables.

45
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In view of this upp er b ound, it is natural to ask ho w close one can get. W e

are th us lo oking for plane curv es with v ery few di�eren t critical v alues (in fact, the

minim um is three for plane curv es of degree d � 4). The �rst remark is that regular

d-gons ha v e exactly

� d
2

�
critical v alues with critical v alue 0 and only d critical v alues

on the other critical lev els.

Chm uto v [ Chm92 ] realized that the so-called folding p olynomials F A 2
d (x; y)

asso ciated to the ro ot system A2 (see [ Wit88 ] and also [ HW88 , EL82 ]) are v ery

w ell-suited for this purp ose. In fact, they giv e � 5
6 d2

critical p oin ts on t w o lev els. In

[ Chm95 ], Chm uto v ev en conjectured that this is the maxim um n um b er of critical

p oin ts on t w o critical lev els. The folding p olynomials F A 2
d (x; y) can b e de�ned as

follo ws:

(4.2) F A 2
d (x; y ) := 2+det

0

B
B
B
B
B
B
B
B
B
B
@
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:

These p olynomials are generalizations of the T c heb yc hev p olynomials in man y

senses (see [ Wit88 , HW88 , EL82 ]). The prop ert y whic h is imp ortan t for Chm uto v

is the fact that they ha v e v ery few (in fact, three) di�eren t critical v alues. He sho w ed

that suc h a p olynomial F A 2
d had

� d
2

�
critical p oin ts with critical v alue 0 and

(4.3)

1
3 d(d � 3) if d � 0 mod 3;
1
3 (d(d � 3) + 2) otherwise

critical p oin ts with critical v alue � 1. The other critical p oin ts ha v e critical v alue

8. As one migh t guess from the n um b er

� d
2

�
of critical p oin ts on the lev el 0, the

p olynomial F A 2
d consists in fact of d lines.

The n um b er of no des of Chm uto v's surfaces de�ned b y the a�ne equation

(4.4) Chm

3
d : F A 2

d (x0; x1) +
1
2

(Td(x2) + 1) = 0

can easily b e computed using (4.3 ):

(4.5)

1
12

�
5d3 � 13d2 + 12d

�
if d � 0 mod 6;

1
12

�
5d3 � 13d2 + 16d � 8

�
if d � 2; 4 mod 6;

1
12

�
5d3 � 14d2 + 13d � 4

�
if d � 1; 5 mod 6;

1
12

�
5d3 � 14d2 + 9 d

�
if d � 3 mod 6:

Th us:

(4.6) � A 1 (d) '
5

12
d3 :

F or lo w ev en degree, Kreiss's construction (if correct) is at least as go o d as Chm u-

to v's: � ( Chm

3
8) = 321 < 325 and for � ( Chm

3
12) = 576 .

d 5 6 7 8 9 10 11 12 d

� (d)( � Dp (d)) � 31 68 ( 66) 104 174 246 360 480 645 � 4
9 d3

� A 1 (d)( � (d)) � 31 64 93 160 216 325 425 576 � 5
12 d3
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Of course, the folding p olynomials F A 2
d (x; y) can also b e used in higher di-

mensions (compare Hirzebruc h's quin tic (3.34 ) and Giv en tal's cubics (3.25 )). In

[ Chm92 ] Chm uto v only men tioned the case P4
in whic h Chm

4
d := F A 2

d (x0; x1) �
F A 2

d (x2; x3) giv es threefolds with appro ximately

7
18 d4

no des. With V arc henk o's

sp ectral b ound, w e get:

d 3 4 5 6 7 8 9 10 11 12

� 4(d) � 10 45 135 320 651 1190 2010 3195 4840 7051

� 4
A 1

(d) � 10 45 126 277 566 1029 1720 2745 4150 6013

In view of the equations of Giv en tal's cubics in Pn
, w e can easily write do wn

equations for h yp ersurfaces with man y no des in Pn
using the folding p olynomials.

As w e could not �nd them in the literature, w e giv e them here explictly:

(4.7) Chm

n
d :

b n
2 c� 1X

j =0

(� 1)j F A 2
d (x2j ; x2j +1 ) = ( n mo d 2)�

1
2

(Td(xn � 1) + 1) :

In some cases, w e get more no des if w e replace the sign (� 1)j
b y 1, e.g. if n = 5 .

F urthermore, for small degree, it is easy to �nd out whic h are the b est plane curv es

for this purp ose. E.g., in degree 4, there is a b etter c hoice than F A 2
4 : The union

of four lines, s.t. t w o of non-singular critical p oin ts ha v e critical v alue � 1 and the

remaining one has critical v alue +1 . Of course, Chm uto v's upp er b ound for surfaces

in separated v ariables also generalizes to higher dimensions.

But notice that Chm uto v's older construction (section 3.8 on page 38 ) is asymp-

totically b etter than his new construction for an y �xed n � 5 and large d. In tu-

itiv ely , the reason for this is that the t w o non-zero critical v alues of the p olynomials

Td(x) + Td(y) also sum up to zero; this is not the case for F A 2
d . In P5

, w e get the

follo wing table for lo w degree:

d 3 4 5 6 7 8 9

� 5(d) � 15 126 456 1506 3431 7872 14412

� 5
A 1

(d) � 15 104 420 1080 2583 5760 10368

4.2. Barth's 31-no dal Quin tic in P3

Although Barth only published his construction of a 31-no dal quin tic in P3

as a preprin t, it is quite in teresting and w e th us describ e it here shortly (a longer

exp osition can b e found in [ End96 ]).

As a starting p oin t, Barth to ok a family of quin tics

Q 4
i =0 Pi (x; y)� az�Q2

coming

from Rohn's construction 1.3 on page 16 . In order to b e able to reduce the problem

in three-space to a planar one, he to ok planes Pi and a quadric Q whic h admit the

symmetry D5 of a �v e-gon: Fa;b;d := P � az�Q2
, where

(4.8)

P :=
Q 4

j =0

�
cos

� 2�j
5

�
x + sin

� 2�j
5

�
y � w

�

= 1
16

�
x5 � 5x4w � 10x3y2 � 10x2y2w + 20x2w3

+5 xy4 � 5y4w + 20y2w3 � 16w5
�

;

Q := x2 + y2 + bz2 + zw + dw2;

and where a; b; d2 C are still to b e determined.
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Figure 4.1. Barth's T ogliatti quin tic with 31 no des and its re-

striction to the plane y = 0 . Notice that this plane quin tic consists

of a line and an irreducible quartic. This latter has three no des

t w o of whic h are solitary (also called A+
1 ) p oin ts.

A generic mem b er of this family has 20 no des. Because of the symmetry , four

of these are in eac h of the symmetry planes

E j :=
�

sin
� 2�j

5

�
x = cos

� 2�j
5

�
y
�

; j = 0 ; 1; : : : ; 4:

In fact, the symmetry allo w ed Barth to restrict his atten tion to one of these planes,

sa y E0 . Ev ery no de N of the plane curv e Ca;b;d := E0 \ Fa;b;d induces an orbit of

length �v e if N do es not lie on the axes x = y = 0 . In order to get 31 ordinary double

p oin ts, w e th us ha v e to �nd parameters a; b; d, s.t. the plane quin tic Bar 31 := Ca;b;d

has one additional no de on the axes x = y = 0 and t w o additional no des a w a y from

this axes.

But an irreducible quin tic can ha v e at most six no des, s.t. our curv e Ca;b;d has

to b e reducible in order to ha v e the sev en no des that w e need. In fact, a length y

analysis sho ws that the curv e is a union of a line and a three-no dal quartic with the

parameters

a = �
5
32

; b = �
5 �

p
5

20
; d = � (1 +

p
5):

The only no de on the axes x = y = 0 comes from the in tersection of the line with

the quartic. The surface Fa;b;d corresp onding to these parameters has therefore

20 + 2 � 5 + 1 = 31 no des, see �g. 4.1 .

4.3. V an Straten's 130-no dal Quin tic in P4

As w e ha v e seen in section 1.5 on page 18 , C. Segre's 10-no dal cubic and the

45-no dal Burkhardt Quartic in P4
ha v e nice � 6 -symmetric equations. In [ vS93 ],

v an Straten analyzed all singular examples in the space of all � 6 -symmetric quin tics

in the P4
giv en b y cutting the P5

b y the h yp erplane � 1(x0; : : : ; x5) = 0 . It is spanned

b y � 5(x0; : : : ; x5) and � 2(x0; : : : ; x5)� 3(x0; : : : ; x5) . Besides sev eral other in teresting

quin tics, this p encil

(4.9) vS ( � :� ) := � �� 5(x0; : : : ; x5) + � �� 2(x0; : : : ; x5)�� 3(x0; : : : ; x5)

con tains the 130-no dal example vS (1:1) sho wing (compare section 3.12 ):

(4.10) � 4
A 1

(d) � 130:
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The no des of this quin tic form three orbits under the op eration of the � 6 on the

co ordinates:

(4.11)

(1 : 1 : 1 : � 1 : � 1 : � 1) 10 no des ;

(1 : 1 : � 1 : � 1 :
p

� 3 :
p

� 3) 90 no des ;

(1 : 1 : 1 : 1 :
p

� 3 � 2 :
p

� 3 � 2) 30 no des :

As one migh t exp ect, this 130-no dal quin tic has some nice prop erties similar to

those of C. Segre's cubic and the Burkhardt quartic. But in con trast to these t w o

v arieties in P4
, it is not in v arian t under the simple group of order 25920.

4.4. Goryuno v's Symmetric Quartics in Pn

Inspired b y the construction of the 130-no dal v an Straten quin tic, Goryuno v

[ Gor94 ] lo ok ed at all no dal quartics and cubics in Pn
whic h are in v arian t under

the re�ection groups An or Bn .

Of course, in the case of cubics in Pn
, his examples could not giv e more no des

than Kalk er's examples (section 3.11 on page 41 ) b ecause those already reac hed

V arc henk o's upp er b ound. In fact, Goryuno v found isomorphic cubics using his

metho d.

But his Bn -symmetric quartics ga v e rise to new lo w er b ounds. His construction

is based on his observ ation that one can reform ulate the condition that a h yp er-

surface in Pn
has a singularit y in the case of h yp ersurfaces symmetric under the

considered re�ection groups: It turned out to b e equiv alen t to the condition that

the corresp onding h yp ersurface in the orbit space is non transv ersal to the discrim-

inan t of the group. He th us constructed his examples with man y no des b y �nding

a h yp ersurface in the orbit space that is non transv ersal to the strata of v ery long

orbits.

Using this metho d he sho w ed that the Bn +1 -symmetric h yp ersurface

(4.12) Gory

n
4 (a) : 2�(a + 1) �

� X

0� i<j � n

x2
i x2

j

�
� a�

� X

0� j � n

x2
j

� 2
= 0

has exactly 2a
� n +1

a+1

�
no des. This n um b er is maximal for a = b2n

3 c and a = b2n +1
3 c

whic h b oth yield:

(4.13) � n
A 1

(4) � 2b 2n
3 c

�
n + 1

b2n
3 c + 1

�
:

His An +1 -symmetric quartics exceed this n um b er only for n = 4 (this giv es the

45-no dal Burkhardt Quartic) and n = 7 . W e obtain the follo wing table (with

V arc henk o's upp er b ound):

n 2 3 4 5 6 7 8 9 10 n

� n (4) � 6 16 45 126 357 1016 2907 8350 24068 �
p

3
2

3n +1
p

�n

� n (4) � 6 16 45 120 336 938 2688 7680 21120 � 3
4

3n + 1
p

� n

In table [ Gor94 , p. 148], Goryuno v listed Chm uto v's old h yp ersurfaces (sec-

tion 3.8 on page 38 ) as the previously kno wn b est lo w er b ounds although the gen-

eralization of Chm uto v's new construction (section 4.1 on page 45 ) leads to greater

n um b ers of no des for small n . But also in comparison to these, Goryuno v's examples

are b etter for all n .
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4.5. Barth's Icosahedral-Symmetric Surfaces and � A 1 (6) = 65

Similar to his construction of the 31-no dal quin tic in P3
, Barth also used the

idea to analyze a p encil of symmetric surfaces to treat the case of degree six and

ten [ Bar96 ]. The main adv an tage of these t w o cases is the fact that one can use

an ev en larger symmetry group than in the case of the �v e-gon-symmetry for the

quin tic: Barth's surfaces of degree 6 and 10 are in v arian t under the symmetry group

of the icosahedron in euclidean three-space R3
whic h con tains the dihedral group

D5 as a subgroup.

Let � := 1
2 (1 +

p
5). The six planes through the origin whic h are orthogonal

to the six diagonals of the regular icosahedron are giv en b y the a�ne equation

P := ( � 2x2 � y2)( � 2y2 � z2)( � 2z2 � x2) . Consider the family

F� := P � � �Q2;

where Q := x2 + y2 + z2 � 1 is a sphere and � 2 C is a parameter still to b e

determined (compare Rohn's construction in section 1.3 on page 16 ).

F or generic v alues of � 6= 0 , the surface F� has 45 singularities. 30 of these come

from the in tersection of P and Q as in Rohn's construction, 15 are at in�nit y . Barth

then enforced a third orbit of 20 singularities on the ten lines joining t w o opp osit

cen ters of faces of the icosahedron. Because of the symmetry he could restrict the

computations to one of these lines whic h led to � = 1
4 (2� + 1) . Altogether, he

obtained a surface

Bar 65 := F 1
4 (2 � +1)

with 30 + 15 + 20 = 65 no des (see �g. 4.2 ).

A similar construction ga v e a surface Bar 345 of degree 10 with 345 no des (see

also �g. 4.2 ). Its equation is as follo ws:

(4.14)

8(x2 � � 4y2)( y2 � � 4z2)( z2 � � 4x2)
�

x4 + y4 + z4 � 2(x2y2 + y2z2 + z2x2)
�

+(3 + 5 � )( x2 + y2 + z2 � 1)2
�

x2 + y2 + z2 � (2 � � )
� 2

= 0 :

T aking in to accoun t b oth surfaces w e ha v e the new lo w er b ounds:

(4.15) � A 1 (6) � 65; � A 1 (10) � 345:

Figure 4.2. Barth's 65-no dal sextic and 345-no dal dectic.

As already men tioned in section 3.5 on page 34 , the existence of the 65-no dal

sextic w as ev en more astonishing in view of Catanese's and Ceresa's claimed upp er

b ound for surfaces constructed using B. Segre's 8-fold co v ering metho d. In fact,
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as one can see from the equations, Barth's sextic is of this t yp e, but exceeds this

b ound. And indeed, b y analyzing his construction carefully , Barth w as able to trace

do wn the error in Catanese's and Ceresa's reasoning.

An in teresting fact w as computed b y v an Straten using deformation theory

and computer algebra (see next section): The Barth sextic is con tained in a three-

parameter family of 65-no dal sextics. F urthermore, v an Straten suggested to try

to construct this family explicitly using Gallarati's construction (section 2.5 on

page 24 ). This w as done b y P ettersen in his Ph.D. thesis [ P et98 ].

Only v ery shortly after Barth's disco v ery of the 65-no dal sextic, Ja�e and

Rub erman [ JR97 ] w ere able to sho w � A 1 (6) � 65 using argumen ts similar to

Beauville's (section 3.3 on page 33 ) whic h �nally sho w ed:

(4.16) � A 1 (6) = 65:

After the app earance of this result in degree six, Endraÿ considered ev en sets of

no des and their co des related to it in more generalalit y , see [ End98 , End99 ]. But

this did not allo w him to deduce new upp er b ounds for higher degrees.

4.6. Deformations of No dal Hyp ersurfaces

V an Straten's computation of the fact that Barth's 65-no dal sextic v aries in a

three-parameter family is an application of his deformation theory for no dal h yp er-

surfaces in Pn
whic h he dev elopp ed in a still un�nished pap er [ vS94 ]. His theory is

based on the deformation theory for non-isolated singularities whic h he dev elopp ed

in [ dJvS90 ] together with de Jong.

V an Straten considered the a�ne cone o v er the singular lo cus � := �( X ) of

the no dal h yp ersurface X whic h is giv en b y a homogenous p olynomial X 2 P :=
C[x0; : : : ; xn ] of degree d. This allo w ed him to apply the ab o v e deformation the-

ory of non-isolated singularities. The deformation functor Def (X; �) consists of

deformations of the pro jectiv e h yp ersurface X whic h induce analytically trivial de-

formations of the m ultigerm of X around � . T 1(X; �) is the space of in�nitesimal

deformations and T 2(X; �) the obstruction space.

W e get for the in�nitesimal em b edded deformations T 1(X ) = ( P=J)d , where

J := Jac (X ) := ( @X
@x0

; : : : ; @X
@xn

) denotes the jacobian ideal of X . F or the in�nitesimal

deformations of the m ultigerm (X; �) , w e ha v e: T 1(O(X; �) ) = � x 2 � T 1(OX;x ) . As

� is reduced in our case, v an Straten could apply some v anishing results whic h mak e

a long exact sequence from [ dJvS90 ] collaps to:

0 ! T 1(X; �) ! T 1(X ) ! T 1(O(X; �) ) ! T 2(X; �) ! 0:

W e denote the saturation of J w.r.t. m := ( x0; : : : ; xn ) b y I := J : m1
. V an Straten

argued that the ab o v e sequence is isomorphic to the degree d part of the sequence

of graded P -mo dules:

0 ! H 0
m(P=J) ! P=J ! P=I ! H 1

m(P=J) ! 0:

This immediately yields:

dim T 1(X; �) � dim T 2(X; �) = dim( P=J)d �
X

x 2 �

� (X; x )

=
�

n + d
d

�
� (n + 1) 2 � #( no des (X )) :

(4.17)
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As H 0
m(P=J) = I=J , w e get from the ab o v e exact sequences:

(4.18) T 1(X; �) = ( I=J )d:

W e can th us compute dim T 1(X; �) using computer algebra and � via (4.17 ) �

also dim T 2(X; �) whic h represen ts the n um b er of indep enden t conditions imp osed

on a p olynomial of degree d to pass through the no des � .

As an example, let us consider the case of no dal sextics f 6 . It is kno wn that

#( no des (f 6)) � 65 as w e ha v e seen in the previous section. As dim T 2(f 6; �) � 0,

w e obtain: dim T 1(f 6; �) � 68 � 65 = 3 . Indeed, using Singular w e can compute

via (4.18 ) that dim T 1( Bar 65; �) = 3 and th us dim T 2( Bar 65; �) = 0 for Barth's

65-no dal sextic Bar 65 (section 4.5 on page 50 ).

Let us men tion some other immediate consequences of the linear relation (4.17 )

b et w een dim T 1(X; �) and dim T 2(X; �) :

Cor ollar y 4.1 . With the notations ab ove, we have:

(1) If ther e exists a rigid no dal septic f 7 in P3
(i.e. dim T 1(f 7; �( f 7)) = 0)

then it has exactly 104 no des and dim T 2(f 7; �( f 7)) = 0 .

(2) If we have dim T 2(f d; �( f d)) � c for some no dal hyp ersurfac e f d of de gr e e

d in Pn
for some c 2 N0 then

#( no des (f d)) � dim(P=J)d + c =
�

n + d
d

�
� (n + 1) 2 + c:

(3) In p articular, the numb er of no des of an unobstructe d no dal hyp ersurfac e

f d of de gr e e d in Pn
is b ounde d by:

#( no des (f )) �
�

n + d
d

�
� (n + 1) 2:

In c hapter 10 on page 119 , w e list dim T 1(f d; �( f d)) and dim T 2(f d; �( f d)) for

man y no dal h yp ersurfaces f d of degree d in Pn
. F rom these computations, w e

can observ e man y in teresting things. E.g., the 168-no dal o ctic presen ted in the

follo wing section is the only kno wn rigid o ctic although the restriction from the

corollary allo ws the existence of 149-no dal rigid o ctics. Wh y?

If dim T 2(X; �) = 0 for some no dal h yp ersurface X then an y lo cal deformation

can b e globalized to X . Th us, the existence of a no dal h yp ersurface X implies the

existence of h yp ersurfaces with an y non-negativ e n um b er � #( no des (X )) of no des.

4.7. Endraÿ's 168-no dal Octics

Barth's construction of the 65-no dal sextic and the 345-no dal dectic sho w ed that

Rohn's and B. Segre's constructions w ere ev en more p o w erful than the geometers

had though t b efore. So, Barth's Ph.D. studen t Endraÿ considered surfaces of degree

8 whic h arise in the same w a y . The main result of his thesis [ End97, End96 ] w as

the construction of on o ctic with 168 no des.

He started with a D8 -in v arian t 9-parameter family F := P � Q of surfaces of

degree 8, where

(4.19)

P :=
Q 7

j =0

�
cos

� �j
4

�
x + sin

� �j
4

�
y � w

�

= 1
4 (x2 � w2)(y2 � w2)

�
(x + y)2 � 2w2

� �
(x � y)2 � 2w2

�
;

Q := a(x2 + y2)2 + ( x2 + y2)(bz2 + czw + dw2)

+ ez4 + fz 3w + gz2w2 + hzw3 + iw 4:
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Figure 4.3. One of the t w o 168-no dal Endraÿ Octics.

F or a generic c hoice of the parameters a; b; : : : ; i 2 C, this has

� 8
2

�
� 4 = 112 no des

(compare Rohn's construction, section 1.3 ). F or the analysis of the family , Endraÿ

could restrict to t w o planes b ecause of the symmetry of the construction. After

a careful analysis of the curv es in these planes, he �nally found the parameters

a = � 4(1 +
p

2), b = 8(2 +
p

2), c = 0 , d = 2(2 + 7
p

2), e = � 16, f = 0 ,

g = 8(1 � 2
p

2), h = 0 , i = � (1 + 12
p

2) whic h lead to on o ctic Endr 168 with 168
no des:

(4.20) � A 1 (8) � 168:

In fact, b y replacing ev ery

p
2 b y �

p
2 Endraÿ got another 168-no dal o ctic Endr

0
168

whic h is not pro jectiv ely isomorphic to the �rst one.

V an Straten computed, again using deformation theory (section 4.6 ), that this

o ctic is rigid. In fact, this is still the only rigid no dal o ctic and also the rigid no dal

surface of the smallest degree kno wn up to no w. V an Straten also found an o ctic

with man y no des within the ab o v e family; his example has 165 no des.

4.8. Y ang's List of Rational Double P oin ts on Quartics

The classi�cation of all cubic surfaces with resp ect to the singularities o ccur-

ring on them w as already found in the 19th

cen tury (see section 1.1 on page 13 and

[ BW79 ] for a mo dern treatmen t). Although the greatest n um b er of singularities on

a quartic surface w as also already determined at that time b y Kummer, the classi�-

cation of all quartic surfaces with resp ect to their singularities w as only completed

in 1997 b y Y ang [ Y an97 ].

In a series of pap ers in the 1980's, Urab e had started to try to classify all

quartic surfaces in P3
. He had succeeded in the case of non-normal quartic surfaces

[ Ura86a ]. Urab e had also p erformed the ma jor steps for quartic surfaces with at

least one singularit y whic h is not a rational double p oin t, see [ Ura85 , Ura86b,

Deg90 ]. F or the only remaining case of quartics with only rational double p oin ts,

Urab e had managed to reduce the problem to a purely lattice-theoretic problem

[ Ura87 , Ura90 ].

Using Urab e's results together with some K3 lattice theory due to Nikulin

[ Nik80 ], Y ang w as �nally able to determine all p ossible com binations of rational

double p oin ts on a quartic surfaces mainly b y applying Nikulin's metho d system-

atically using a computer [ Y an97 ]. This completed the classi�cation of all quartic

surfaces with resp ect to the singularities o ccurring on them more than one-h undred

y ears after the same had b een done for cubic surfaces.
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T o giv e some examples, the result sho ws that � 3
A 2

(4) = 8 , i.e. the maxim um

n um b er of cusps on a quartic is eigh t. � 3
A 2

(4) � 8 already follo ws from V arc henk o's

b ound, but to our kno wledge, the other inequalit y � 3
A 2

(4) � 8 had not b een kno wn

previously . Shortly afterw ards, Barth obtained the same result b y another metho d

[ Bar00b ] � he also ga v e explicit equations for 8-cuspidal quartics in P3
.

Another in teresting extremal case is the highest A j -singularit y that can o ccur

on a quartic. Either from V arc henk o's sp ectral b ound or via Nikulin's K3 lattice

theory it follo ws that there cannot b e suc h a singularit y for j > 19. F rom Nikulin's

results, one can sho w in an abstract w a y that a quartic with an A19 exists (e.g., b y

lo oking at Y ang's list). But it is ev en p ossible to write do wn an explicit form ula.

This w as already done in 1982 b y Kato and Naruki [ KN82 ], basically using explicit

metho ds similar to those whic h had allo w ed Sc hlä�i to construct a cubic surface

with an A5 -singularit y whic h w e men tioned at the end of section 1.1.1 together

with results of [ BW79 ]:

(4.21) 16(x2 + y2) + 32 xz2 � 16y3 + 16z4 � 32yz3 + 8(2 x2 � 2xy + 5 y2)z2

+ 8(2 x3 � 5x2y � 6xy 2 � 7y3)z + 20x4 + 44x3y + 65x2y2 + 40xy 3 + 41y4 = 0 :

4.9. Sarti's 600-no dal Do dectic

The main result of Sarti's thesis (she is another Ph.D. studen t of Barth) w as

the construction of a surface of degree 12 with 600 no des, see [ Sar01 ]. This surface

is also in v arian t under a large symmetry group, namely the re�ection group of the

regular four-dimensional 600-cell. In fact, Goryuno v had already announced the

existence of a 600-no dal surface in v arian t under this group in 1996. But he had not

b een able to giv e explicit equations b ecause the equations of the in v arian t S12 of

degree 12 had not b een kno wn at that time.

This and the other in v arian ts of the group of the 600-cell w ere found b y Sarti

in her Ph.D. thesis. W e refer to [ Sar01 , p. 438] for the v ery length y equation of

S12 . Giv en this, she studied the p encil

Sa 12(� ) : S12(x; y; z; w) + � (x2 + y2 + z2 + w2)6

and found the parameters � 2 C, s.t. Sa 12(� ) admits singularities. It turned out

that Sa 12(� ) has orbits of no des of lengths 300, 600, 360, 60 for � = � 3
32 , � 22

243 ,

� 2
25 , 0, resp ectiv ely and no other singularities. Th us, Sa 12(� 22

243 ) is a surface in P3

with 600 no des, see �g. 4.4 on the next page:

(4.22) � A 1 (12) � 600:

In an unpublished preprin t, Stagnaro [ Sta01 ] constructed a surface of degree

12 with 584 no des only v ery shortly b efore the publication of Sarti's 600-no dal

example. Stagnaro's construction w as therefore nev er published.

Un til this p oin t, the follo wing w as kno wn on � (d) :

d 5 6 7 8 9 10 11 12 d

� (d)( � A 1 (d)) � 31 68 ( 65) 104 174 246 360 480 645 � 4
9 d3

� A 1 (d) � 31 65 93 168 216 345 425 600 � 5
12 d3
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Figure 4.4. The 600-no dal Sarti Do dectic.

4.10. Surfaces in P3
with T riple P oin ts

W e already men tioned in section 3.1.3 on page 32 that the maxim um n um b er

of ordinary triple p oin ts on a quin tic in P3
w as already sho wn to b e 5 b y Gallarati

[ Gal52b ]. But for higher degree not m uc h w as kno wn un til 2000. In particular, for

the next smallest degree, six, it w as unkno wn if there existed a sextic with 11 triple

p oin ts.

Recall that w e denote b y � 3(d) the maxim um n um b er of ordinary triple p oin ts

on a surface of degree d in P3
. � 3(6) � 11 can easily b e computed using V arc henk o's

b ound. The authors of [ EPS03 ] also found another b ound, the so-called p olar

b ound whic h is bad for high degree d, but for d = 6 it giv es � 3(6) � 10. This

p olar b ound is based on the fact that the p osition of the triple p oin ts of a surface

in P3
cannot b e to o sp ecial. In fact, the authors of [ EPS03 ] sho w ed that if Fd is

a surface of degree d with man y triple p oin ts and V� is another surface of degree

� then V� cannot con tain more than

1
6 �d (d � 1) of the triple p oin ts of Fd , coun ted

with m ultiplicities. As they w ere also able to sho w the existence of a sextic with

10 triple p oin ts, they could conclude that the maxim um n um b er of triple p oin ts on

suc h a surface w as kno wn:

� 3(6) = 10:

The authors w ere not able to classify all sextics with 10 triple p oin ts; this classi�-

cation w as completed b y one of them in [ Ste03 ].

F or degree d � 8, the b est kno wn upp er b ound for � 3(d) is W ahl's generaliza-

tion [ W ah94 ] of Miy aok a's b ound (section 3.10 on page 40 ) whic h the authors of

[ EPS03 ] also computed:

� 3(d) �
2
27

d(d � 1)2; d � 7:

F or d = 7 , V arc henk o's b ound is still b etter and computes to 17. The authors w ere

not able to reac h this b ound, but they ga v e a one-parameter family of septics with

16 triple p oin ts, see �g. 4.5 on the follo wing page.

In a recen t article [ Sta04 ], Stagnaro used again a v arian t of B. Segre's second

construction (section 2.4 ) to get a surface of degree 9 with 39 triple p oin ts (upp er

b ound: 42).

4.11. Barth's Surfaces with man y Cusps

After ha ving studied surfaces with man y no des in the early 1990's, Barth started

to lo ok at surfaces with man y cusps (i.e. A2 -singularities) in the late 1990's. His

aim w as not only to �nd lo w er b ounds for the maxim um n um b er of cusps, but also
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Figure 4.5. A Septic with 16 ordinary triple p oin ts.

to describ e the co des connected to them: Similar to the co de o v er F2 asso ciated to

an ev en set of no des, one can construct a co de o v er F3 to a three-divisible set of

cusps.

Barth sho w ed in [ Bar00b ] that a quartic in P3
cannot con tain more than 8

cusps and he also ga v e explicit examples whic h pro v ed the existence . As already

men tioned, this also follo ws in an abstract w a y from Y ang's computations, see

section 4.8 on page 53 . Barth's 8-cuspidal quartics w ere constructed as pro jections

of 9-cuspidal sextic surfaces in P4
from one of their nine cusps. The one-parameter

family Bar 4(k); k 6= � 1, of quartics with 8 cusps is giv en b y:

(4.23)

(1 + k)3x2
0x2

1 + 2 k(1 � k2)x0x1x2x3 � (1 � k)3x2
2x2

3

+(1 � k2)( x0 + x1 + x2 + x3)
�

(1 � k)x2x3(x0 + x1) � (1 + k)x0x1(x2 + x3)
�

One of these quartics is sho wn in �g. 4.6 .

Figure 4.6. Barth's quartic with eigh t cusps for k = 2 .

In [ Bar00a ], Barth constructed another surface with man y cusps: a quin tic

whic h is nicely connected to the Clebsc h Diagonal Cubic (equation (1.5 )). Similar to

this surface, it is � 5 -symmetric and giv en b y a h yp erplane section of a h yp ersurface

in P4
:

(4.24) Bar 15 : 5s2s3 � 12s5 = 0 ; s1 = 0 ;

where sk :=
P 4

i =0 xk
i . Bar 15 has A2 -singularities at the 15 p oin ts in the � 5 -orbit

of (1 : 1 : � 1 : � 1 : 0) whic h sho ws: � A 2 (5) � 15: But this surface has man y other

in teresting geometrical prop erties. E.g., its in tersection with the Clebsc h Diagonal

Surface Cle 3 consists exactly of 15 lines joining the 15 singularities in pairs, see

�g. 4.7 on the next page.
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Figure 4.7. Barth's quin tic with 15 cusps and the same surface

together with the Clebsc h Diagonal Cubic.

F or further w ork on cuspidal surfaces of lo w degree and their co des, w e refer to

[ Bar98 , T an03, BR01 , BR04 ] . F or a short o v erview on the results on curv es,

see section 2.5 on page 24 .

4.12. P atc h w orking Singular V arieties

A topic that w e did not touc h so far for d � 5 is the general question whic h

com binations of p ossibly di�eren t t yp es of singularities can o ccur on a h yp ersurface

of degree d in Pn
.

One of the �rst results in this direction is con tained in Greuel's, Lossen's and

Sh ustin's join t article [ GLS98 ]. They pro v e the existence of an � > 0, s.t. a

plane curv e with prescrib ed singularities of top ological t yp es S1; : : : ; Sk exists if

� (S1) + � � � + � (Sk ) � �d 2
. The co e�cien t � whic h o ccurred in this su�cien t

criterion w as later impro v ed b y one of the authors [ Los99 ].

Most kno wn results on the existence of h yp ersurfaces in higher dimensions

with p ossibly di�eren t prescrib ed top ological t yp es are mainly based on patc h-

w orking theorems b y Sh ustin [ Sh u98, Sh u00 ]. Some w orks using these metho ds

are [ W es03 , SW04 ]. Notice that these results are the b est kno wn ones in this

generalit y , but when restricting to h yp ersurfaces with only one particular t yp e of

singularit y then the other constructions presen ted in this surv ey giv e more singu-

larities.

4.13. Hyp ersurfaces with high A j -Singularities ( j > d )

Most constructions for h yp ersurfaces with man y higher singularities only w ork

for degree d large enough. Most asymptotic b eha viours considered in the previous

sections w ere of the t yp e: �x a t yp e of singularit y and ask ho w man y of them can

o ccur on h yp ersurfaces of degree d for d ! 1 . It is also natural to ask the other

question: Whic h singularities can o ccur on a h yp ersurface in Pn
of a �xed degree

d? As already men tioned, this has b een answ ered completely for d = 3 (section 1.1)

and d = 4 (section 4.8 ). T o our kno wledge, not m uc h is kno wn for degree d � 5.

In this section w e w an t to giv e those few constructions kno wn to us whic h giv e

singularities f with high Milnor n um b ers � (f ) , i.e., � (f ) > d . As w e could not �nd

an y reference in the literature to the corresp onding upp er b ounds w e also compute

them here.

One Single Isolated Singularit y. Consider the p olynomials

(4.25) f k;l (x1; : : : ; xn ) := ( x2 � xk
1 ) l + � � � + ( xn � xk

n � 1) l + s�x lk
n
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d 4 5 6 7 8 9 10 11 12

j � V ar A j (d) , j � 2d � 1 19 44 85 146 231 344 489 670 891

T able 4.1. V arc henk o's upp er b ound for the maxim um n um b er

of A j -singularities on a surface in P3
of degree d as a function of

j for �xed d, j � 2d � 1. They are all of the form

od � 1

j , where

od = 1
3 d(2d2 + 1) are the so-called o ctahedral n um b ers.

of degree l �k with s 2 C generic. Then it is easy to sho w that the h yp ersurface f k; 2

in Pn
has an A2k n � 1 -singularit y at the origin. This is a w ell-kno wn tric k v arian ts

of whic h also exist for D j -singularities (see e.g., [ W es03 , p. 350]).

W e already remark ed that a quartic in P3
with an A19 -singularit y exists, and

that this is the highest p ossible A j -singularit y according to V arc henk o's upp er

b ound (see section 4.8 on Y ang's list). V arc henk o's b ound is also exact for d = 3 :

the highest A j -singularit y is an A5 -singularit y in this case. So w e ma y ask: Is

V arc henk o's b ound exact for the maxim um index j s.t. there exists an A j -singularit y

on a surface of �xed degree d?

Globalizing the Equation. It is easy to globalize the lo cal tric k from the

preceding section to to get surfaces with few A j -singularities (i.e., j > d ) in P3
. Of

course, there are natural generalizations to higher dimensions and sev eral v arian ts

whic h pro duce other n um b ers and t yp es of singularities:

Let k; l 2 N , k � l . The surfaces

(4.26) gk;l :=
�
(yl � 1) � (xk � 1)

� 2
+

�
z � (yl � 1)(bk

l c)
� 2

+ z2k

of degree d = 2 k ha v e k�l singularities of t yp e A 2k 2
l � 1 .

In terpretation of V arc henk o's Bound V ar A j (d) as Octahedral Num-

b ers if j � 2d � 1. In the case j > d V arc henk o's b ound (section 3.7 ) is usually

b etter than Miy aok a's (section 3.10 ). F or �xed d, these upp er b ounds cannot b e

describ ed b y a p olynomial, but b y a rational function. W e could not �nd a refer-

ence of V arc henk o's b ound for the n um b er of A j -singularities for �xed degree in the

literature. So, let us compute it here using the concrete expression (3.19 ) whic h w e

ga v e on page 37 . It turns out that equation (3.19 ) simpli�es drastically if w e reduce

to the case j � 2d � 1. Indeed, if w e write d = k(j + 1) + l) as on page 37 then

k = 0 and d = l . In this w a y , (3.19 ) reduces after some easy computations to:

(4.27) V ar A j (d) =
1
2j

�
(2 � 4d2)C + (4 d � 1)C2 � C3

�
+

2d
3j

(d2 � 1); if j � 2d � 1;

where C :=
j

2�d�j
j +1

k
. But C =

j
2�d� j
j +1

k
=

j
2d � 2�d

j +1

k
= 2 �d � 1 if j � 2�d � 1. The

previous form ula th us collapses to:

(4.28) V ar A j (d) =
1
3j

�
�
(d � 1)�(2(d � 1)2 + 1)

�
; if j � 2d � 1:

The �rst v alues of this b ound are listed in table 4.1 . When en tering the n um-

b ers j � V ar A j (d) in the Sloane's on-line encyclop edia of in teger sequences [ Slo , id:

A005900] w e learn that these are the so-called o ctahe dr al numb ers . These n um b ers

http://www.research.att.com/projects/OEIS?Anum=A005900
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are a three-dimensional v arian t of square n um b ers sqi := i 2
(see �g. 4.8 ): just �ll

up the o ctahedron b y la y ers of squares (see �g. 4.9 ). This computes to:

(4.29) od =
dX

i =1

sqi +
d� 1X

i =1

sqi =
1
3

d(2d2 + 1) :

sq1 = 1 sq2 = 2 2 sq3 = 3 2 sq4 = 4 2

Figure 4.8. The square n um b ers sqi = i 2
.

o1 = 1 o2 = 1 + 4 + 1 = 6 o3 = 1 + 4 + 9 + 4 + 1 = 19

Figure 4.9. The o ctahedral n um b ers od =
P d

k=1 k2 +
P d� 1

k=1 k2
.

Do surfaces of degree d � 5 with an Aod � 1 -singularit y exist?







Figure on the preceding pages: A 99-no dal septic, lo cated within a four-parameter

family of 63-no dal surfaces using the geometry of prime �eld exp erimen ts. See

[ Lab03a ] for more images and mo vies of algebraic surfaces.
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In tro duction

W e giv e new results related to t w o t yp es of constructions: Chm uto v's construc-

tion of no dal surfaces giv en b y p olynomials in separated v ariables (see section 4.1 on

page 45 ) and dihedral-symmetric constructions based on Rohn's idea (see section 1.3

on page 16 ).

On V arian ts of Chm uto v's Constructions. Our �rst new result (c hap-

ter 5 on page 67 ) is a v arian t of Chm uto v's construction whic h giv es man y A j -

singularities instead of no des. Our pro of of the existence of the h yp ersurfaces with

man y A j -singularities is based on the theory of dessins d'enfan ts. In most cases,

our construction leads to new lo w er b ounds:

� A j (d) '
3j + 2

6j (j + 1)
d3; j � 2:

Imp ortan t ingredien ts of this construction are certain line arrangemen ts in the

plane whic h ha v e man y critical p oin ts with the same non-zero critical v alue. Using

a relation to the theory of t w o-colorings of real line arrangemen ts w e are able to

sho w that these arrangemen ts are asymptotically the b est p ossible ones (c hapter 6

on page 79 ).

Using Computers to Study Sp ecial Cases. F or sp ecial cases of lo w degree,

it is usually p ossible to impro v e general results suc h as those presen ted in the t w o

c hapters men tioned in the previous section. The most recen t new lo w er b ounds

for the maxim um n um b er of no des on surfaces of a giv en degree w ere pro duced b y

starting with some k -parameter family of suc h surfaces and then using geometrical

argumen ts to determine the parameters suc h that a new record w as found.

But guessing suc h geometrical argumen ts requires a large amoun t of geometric

in tuition. And it turned out that the cases of o dd degree d = 7 ; 9; 11; : : : are quite

di�cult to treat in that w a y . So, our idea w as to �nd algorithms to lo cate in ter-

esting examples within the families. W e presen t t w o essen tially di�eren t metho ds:

elimination and primary decomp osition in c haracteristic zero (c hapter 7 ), or exp er-

imen ts o v er prime �elds and then lifting to c haracteristic zero (c hapters 8 and 9 ).

The latter allo ws us to construct a surface of degree 7 in P3
with 99 no des (c hapter

8) whic h is the �rst case of o dd degree greater than �v e whic h exceeds Chm uto v's

general lo w er b ound:

99 � � (7) � 104:
W e then describ e an algorithm whic h can b e p erformed automatically b y a

computer (c hapter 9 ). Our implemen tation as a Singular library called sear ch-

InF amilies.lib reduces the construction of a 99-no dal septic to a 10-min ute-long

computer algebra computation. Similarly , all records for smaller degrees d � 6 can

b e repro duced. When applying the algorithm to the case d = 9 w e obtain a nonic

with 226 no des whic h is also a new lo w er b ound:

226 � � (9) � 246:

Our algorithm is v ery general so that it can certainly b e applied to man y other

concrete problems in algebraic geometry .



A quin tic with 15 cusps whic h sho ws the idea of ho w to construct surfaces with

man y A j -singularities using Dessins d'Enfan ts.



CHAPTER 5

Dessins d'Enfan ts and Surfaces with Man y

A j -Singularities

The b est kno wn lo w er b ounds for surfaces of large degree d with A1 -singularities

are giv en b y Chm uto v's construction (section 4.1 ). F or higher A j -singularities

the b est kno wn constructions are still giv en b y a direct generalization of Rohn's

construction (section 1.3 ), � A j (d) � 1
2 d(d � 1)b d

j +1 c. F or man y degrees, one can

also use Gallarati's already men tioned generalization of B. Segre's construction

(section 2.5 ) whic h is usually b etter than Rohn's if it can b e applied.

F or singularities di�eren t from no des, there exist only v ery few sp ecial con-

structions whic h exceed these general ones. The b est kno wn lo w er b ounds in

particular cases of lo w degree are giv en b y Barth, see section 4.11 : � A 2 (4) = 8 ,

15 � � A 2 (5) � 20. In this c hapter (see also [ Lab05b ]) w e describ e a v arian t of

Chm uto v's construction whic h leads to the lo w er b ound (corollary 5.7 on page 73 ):

(5.1) � A j (d) '
3j + 2

6j (j + 1)
d3:

T o our kno wledge, this giv es asymptotically the b est kno wn b ounds for an y j � 2.

The construction reac hes more than � 75% of the theoretical upp er b ound (see

section 3.10 on page 40 ) in all cases. F or quin tics in P3
, w e also get an example

with 15 cusps, so the gap of 5 more p ossible cusps remains.

T able 5.1 on the follo wing page giv es an o v erview of our results for lo w j , see

also corollaries 5.7 and 5.8 . W e describ e a generalization of our construction to

higher dimensions in section 5.6 on page 74 . This leads to new lo w er b ounds ev en

in the case of no dal h yp ersurfaces.

5.1. Chm uto v's Idea

W e start with some notation: A p oin t z0 2 C is a critic al p oint of multiplicity

j 2 N of a p olynomial g 2 C[z] in one v ariable if the �rst j deriv ativ es of g v anish at

z0 : g(1) (z0) = � � � = g( j ) (z0) = 0 . The n um b er g(z0) is called the critic al value of z0 .

A critical p oin t of m ultiplicit y j; j > 1; is called a de gener ate critical p oin t. Recall

from section 4.1 on page 45 that Chm uto v used the follo wing idea to construct

surfaces in P3
with man y no des:

� Let Pd(x; y) 2 C[x; y] b e a p olynomial of degree d with few di�eren t critical

v alues, all of whic h are non-degenerate. By a co ordinate c hange, w e ma y

assume that the t w o critical v alues whic h o ccur most often are 0 and � 1.

W e assume that they o ccur � (0) and � (� 1) times, and that � (0) > � (� 1).

� Let Td(z) 2 R[z] b e the T c heb yc hev p olynomial of degree d with critical

v alues � 1 and +1 , where � 1 o ccurs bd
2 c times and +1 o ccurs bd� 1

2 c times.

67
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@
@j

d 3 4 5 6 7 8 9 10 11 12 d

1 � �
4

4

� �
16

16

� �
31

31

� �
65

65

� �
104

93

� �
174

168

� �
246

216

� �
360

345

� �
480

425

� �
645

600 � � �
4/9

5/12 � d3

2 � �
3

3

� �
8

8

� �
20

15

� �
37

36

� �
62

52

� �
98

70

� �
144

126

� �
202

159

� �
275

225

� �
363

300 � � �
1/4

2/9 � d3

3 � �
1

1

� �
6

6

� �
13

10

� �
26

15

� �
44

31

� �
69

64

� �
102

72

� �
144

114

� �
195

140

� �
258

198 � � �
8/45

11/72 � d3

4 � �
1

1

� �
4

4

� �
11

10

� �
20

15

� �
35

21

� �
54

32

� �
80

54

� �
112

100

� �
152

110

� �
201

132 � � �
5/36

7/60 � d3

T able 5.1. Kno wn upp er and lo w er b ounds for the maxim um

n um b er � A j (d) of singularities of t yp e A j ; j = 1 ; 2; 3; 4; on a sur-

face of degree d in P3
. F or j � 2 and d � 5, the lo w er b ounds

are attained b y our examples or b y Gallarati's generalization of

B. Segre's idea (section 2.5 on page 24 ).

� It is easy to see that the pro jectiv e surface giv en b y the a�ne equation

(5.2) Pd(x; y) +
1
2

(Td(z) + 1) = 0

has � (0) � bd
2 c + � (� 1) � bd� 1

2 c no des.

Chm uto v uses for Pd(x; y) the folding p olynomials F A 2
d asso ciated to the ro ot system

A2 de�ned in (4.2 ). In the case of degree 5 the b est p olynomial for this purp ose is a

regular �v egon R5(x; y) 2 R[x; y] with the critical v alue 1 at the origin and with the

critical v alue � 1 at the other non-singular critical p oin ts. The construction ab o v e

then giv es 30 no des, see �g. 5.1 .

R5(x; y) T5(z) R5(x; y) + 1
2 (T5(z) + 1)

Figure 5.1. A v arian t of Giv en tal's and Chm uto v's construction:

A regular 5-gon R5(x; y) , the T c heb yc hev p olynomial T5(z) and the

surface R5(x; y) + 1
2 (T5(z) + 1) with 10� 2 + 5 � 2 = 30 no des.

5.2. A daption to Higher Singularities

T o adapt Chm uto v's construction (5.2) to higher singularities of t yp e A j , w e

replace the p olynomials Td(z) b y p olynomials with degenerate critical p oin ts.

F or the construction of a quin tic surface with man y cusps, w e th us tak e again

the regular 5-gon R5(x; y) 2 R[x; y] together with a p olynomial T 2
5 (z) 2 R[z] of

degree 5 with the maxim um n um b er of critical p oin ts of m ultiplicit y t w o. As the

deriv ativ e of suc h a p olynomial has degree 4, the maxim um n um b er of suc h critical
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R5(x; y) T 2
5 (z) R5(x; y) + 1

2 (T 2
5 (z) + 1)

Figure 5.2. The construction of a quin tic with 15 cusps.

p oin ts is

4
2 = 2 , see �g. 5.2 . The critical v alues of these t w o critical p oin ts ha v e to b e

di�eren t b ecause a horizon tal line through b oth critical p oin ts w ould in tersect the

curv e in six p oin ts coun ted with m ultiplicities. Similar to the situation for no des in

(5.2) the surface R5(x; y) + 1
2 (T 2

5 (z) + 1) has 10�1 + 5�1 = 15 singularities of t yp e

A2 .

W e tak e surfaces in separated v ariables de�ned b y p olynomials of the form:

(5.3) Chm (Gj
d) := F A 2

d + Gj
d;

where F A 2
d (x; y) 2 R[x; y] is the folding p olynomial de�ned in (4.2) and where

Gj
d(z) 2 C[z] is a p olynomial of degree d with man y critical p oin ts of m ultiplicit y j

with critical v alues � 1 and +1 . E.g., for j = 1 , the ordinary T c heb yc hev p olyno-

mials G1
d(z) := Td(z) yield Chm uto v's surfaces with man y no des. In the follo wing

sections, w e discuss t w o generalizations of the ordinary T c heb yc hev p olynomials to

p olynomials with critical p oin ts of higher m ultiplicit y whic h giv e surfaces of degree

d with man y A j -singularities, j < d .

5.3. j -Belyi P olynomials via Dessins d'Enfan ts

The existence of p olynomials in one v ariable with only t w o di�eren t critical

v alues with prescrib ed m ultiplicities of the critical p oin ts can b e established using

ideas of Hurwitz [ Hur91 ] based on Riemann's Existence Theorem. The in terest in

this sub ject w as renew ed b y Grothendiec k's Esquisse d'un pr o gr amme (see [ SL97a,

SL97b ]). No w ada ys, it is commonly kno wn under the name of Dessins d'Enfants .

W e will use the follo wing prop osition / de�nition whic h is basically tak en from

[ AZ98 ]:

Pr oposition/Definition 5.1 .

(1) A tr e e (i.e. a gr aph without cycles) with a pr escrib e d cyclic or der of the

e dges adjac ent to e ach vertex is c al le d a plane tree . A plane tr e e has a

natur al bic oloring of the vertic es (black/white). If we �x the c olor of one

vertex, then this bic oloring is unique.

(2) A p olynomial in one variable with not mor e than two di�er ent critic al

values is c al le d a Belyi p olynomial .

(3) F or a given Belyi p olynomial p : C ! C with critic al values c1 and c2 , we

de�ne the plane tree P T(p) asso ciated to p to b e the inverse image

p� 1([c1; c2]) of the interval [c1; c2], wher e p� 1(c1) ar e the black vertic es,

and p� 1(c2) ar e the white vertic es of the tr e e (se e �g. 5.3 on the fol lowing

p age).
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Figure 5.3. The ordinary T c heb yc hev p olynomial T5 with t w o

critical p oin ts with critical v alue � 1 and t w o with critical v alue

+1 . The righ t picture sho ws its plane tree P T(T5) . A v ertex with

t w o adjacen t edges corresp onds to a critical p oin t with m ultiplicit y

1, a v ertex with one adjacen t edge corresp onds to a non-critical

p oin t.

(4) F or any plane tr e e, ther e exists a Belyi p olynomial whose critic al p oints

have the multiplicities given by the numb er of e dges adjac ent to the vertic es

minus one and vic e ver c a.

W e will need the follo wing t w o trivial b ounds concerning critical p oin ts:

Lemma 5.2 . L et d; j 2 N . L et g 2 C[z] b e a p olynomial of de gr e e d in one

variable with only isolate d critic al p oints. Then:

(1) The total numb er of di�er ent critic al p oints of g of multiplicity j do es not

exc e e d bd� 1
j c.

(2) The numb er of di�er ent critic al p oints of g of multiplicity j with the same

critic al value do es not exc e e d b d
j +1 c. 2

W e giv e a sp ecial name to p olynomials reac hing the �rst of these b ounds:

Definition 5.1 . L et d; j 2 N and let p b e a Belyi p olynomial of de gr e e d. W e

c al l p a j -Belyi p olynomial if p has the maximum p ossible numb er bd� 1
j c of

critic al p oints of multiplicity j .

Example 5.1 . The or dinary Tchebychev p olynomials T 1
d (z) := Td(z) ar e 1-

Belyi p olynomials. T 2
5 (z) in �g. 5.2 on the pr evious p age is a 2-Belyi Polynomial.

2

A sp ecial t yp e of j -Belyi p olynomials are those of degree j + 1 . W e will join

sev eral plane trees corresp onding to suc h j -Belyi p olynomials of degree j +1 to form

larger plane trees in the follo wing sections:

Definition 5.2 . W e c al l the plane tr e e c orr esp onding to a j -Belyi p olynomial

of de gr e e j + 1 a j -star . If the c enter of this tr e e is a black (r esp. white) vertex we

c al l it a � - (r esp. � -) cen tered j -star (se e �g. 5.4 on the facing p age).

5.4. The P olynomials T j
d (z)

A natural generalization of the ordinary T c heb yc hev p olynomials to p olynomi-

als Gj
d(z) with degenerate critical p oin ts that can b e used in the construction of

equation (5.3) on page 69 comes from the follo wing in tuitiv e idea: T ak e p olynomi-

als whic h lo ok similar to the ordinary T c heb yc hev p olynomials (�g. 5.3 ), but whic h

ha v e higher v anishing deriv ativ es suc h that they are j -Belyi p olynomials.
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T j
j +1 (z) = zj +1 � 1 for j = 6 .

1

2

j + 1

3 �
�

�

Figure 5.4. The p olynomial T j
j +1 (z) with exactly one critical

p oin t z0 = 0 of m ultiplicit y j and critical v alue � 1 together with

the corresp onding � -cen tered j -star.

Example 5.2 . A 3-Belyi p olynomial of de gr e e 13 has

�
13� 1

3

�
= 4 critic al p oints

of multiplicity 3. The p olynomial T 3
13 has two critic al p oints with critic al value

� 1 and two with critic al value +1 . The plane tr e e showing the existenc e of such a

p olynomial c onsists of four c onne cte d 3-stars. T o show the similarity to the or dinary

Tchebychev p olynomials we dr aw them in �g. 5.5 as four b ouquets of 1-stars attache d

to the plane tr e e in �g. 5.3 on the pr e c e ding p age. A str aightforwar d Singular

[ GPS01 ] script to c ompute the e quation of T 3
13(z) c an b e found on the website

[ Lab03a ] . 2

j � 1 v ertices

z }| {

| {z }
k b ouquets

1

2 3

4 13

5 6

7

8 9

10

11 12

Figure 5.5. The bicolored plane tree P T(T j
d ) for the p olynomial

T j
d (z) for j = 3 , d = 13 , k := d� 1

j = 4 . It consists of k connected

j -stars. Here, w e line them up to sho w the similarit y to the or-

dinary T c heb yc hev p olynomials in �g. 5.3 on the facing page. See

[ Lab03a ] for a Singular [ GPS01 ] script to compute the equation

of T 3
13(z) .

Theorem/Definition 5.3 . L et d; j 2 N with d > j . Ther e exists a p olynomial

T j
d (z) of de gr e e d with d1

2 bd� 1
j ce critic al p oints of multiplicity j with critic al value

� 1 and b1
2 bd� 1

j cc such critic al p oints with critic al value +1 .

Pr oof. The corresp onding plane tree P T(T j
d ) can b e de�ned as follo ws (com-

pare �g. 5.5 ). F or d = k � (j + 1) ; k 2 N , w e tak e k connected j -stars. Fixing

the cen ter of the �rst j -star to b e white, the plane tree has a unique bicoloring. If

d = l + k � (j + 1) for some 1 � l � j , w e attac h another l -star to get a p olynomial

of degree d. �

Although there is an explicit recursiv e construction of ordinary T c heb yc hev

p olynomials and their generalizations to higher dimensions (the folding p olynomials,

see [ Wit88 ]), w e do not kno w a similar explicit construction of the p olynomials
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T j
d (z) for j � 2. T o our kno wledge, they can only b e computed for lo w degree d

un til no w, e.g. using Gro ebner Basis. When plugged in to the construction (5.3 ) on

page 69 the existence of the p olynomials T j
d immediately implies:

Cor ollar y 5.4 . L et d; j 2 N with d > j . Ther e exist surfac es

Chm (T j
d ) := F A 2

d +
1
2

(T j
d + 1)

of de gr e e d with the fol lowing numb er of singularities of typ e A j :

1
2 d(d � 1)�d1

2 bd� 1
j ce+ 1

3 d(d � 3)�b1
2 bd� 1

j cc; if d � 0 mod 3;
1
2 d(d � 1)�d1

2 bd� 1
j ce+ 1

3 (d(d � 3) + 2) �b1
2 bd� 1

j cc; otherwise : 2

5.5. The P olynomials M j
d (z)

The j -Belyi p olynomials T j
d (z) describ ed in the previous section reac h the �rst

b ound of lemma 5.2 on page 70 . The j -Belyi p olynomials M j
d (z) whose existence

will b e sho wn in this section also ac hiev e the second b ound of this lemma. W e start

with t w o examples:

Example 5.3 . The 2-Belyi p olynomial T 2
9 (z) is the example of the smal lest

de gr e e fr om the pr evious se ction that do es not r e ach the se c ond b ound of lemma 5.2 .

The plane tr e e P T(M 2
9 (z)) in �g. 5.6 shows the existenc e of a 2-Belyi p olynomial

of de gr e e 9 that achieves this b ound.

As in the c ase of the p olynomials T j
d (z) , it is p ossible to c ompute the p olynomials

M j
d (z) explicitly for low j and d. F or our c ase j = 2 ; d = 9 we denote by u the

unique critic al p oint with critic al value +1 and by b0; b1; b2 the thr e e critic al p oints

with critic al value � 1. When r e quiring b2 = 0 (i.e., M 2
9 (0) = � 1), M 2

9 (z) has the

derivative

@M2
9

@z
(z) = ( z � b0)2 � (z � b1)2 � z2 � (z � u)2:

Using Singular [ GPS01 ] , we �nd: u9 = 18 and b0 and b1 ar e the two distinct

r o ots of z2 � 3uz + 3 u2 = 0 . Notic e that b0; b1 =2 R even if we take u 2 R . 2

(a) P T(M 2
3 ) (b) P T(M 2

9 ) (c) P T(M 2
15)

Figure 5.6. T o obtain P T(M 2
9 ) from the 2-star P T(M 2

3 ) =
P T(T 2

3 ) , w e attac h t w o � -cen tered 2-stars to one of the � -v ertices

(mark ed b y the grey bac kground). The corresp onding p olynomial

M 2
9 (z) has th us 3 critical p oin ts of m ultiplicit y 2 with critical v alue

� 1 (the 3 � -cen tered 2-stars) and 1 suc h p oin t with critical v alue

+1 (the only � -cen tered 2-star). M 2
15 has �v e and t w o, resp ectiv ely .
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Example 5.4 . If d 6= k � (j +1) for some k 2 N , the c onstruction of a plane tr e e

c orr esp onding to a p olynomial r e aching b oth b ounds of lemma 5.2 is a little mor e

delic ate than in the pr evious example. The c ases P T(M 2
11) and P T(M 2

12) in �g. 5.7

il lustr ate this. 2

(a) P T(M 2
11) (b) P T(M 2

12)

Figure 5.7. M 2
11 and M 2

12 ha v e the same n um b er of critical p oin ts

of m ultiplicit y j . M 2
12 has �v e ones with critical v alue � 1 and only

one critical p oin t with critical v alue +1 . M 2
11 has three critical

p oin ts with critical v alue � 1 and t w o with critical v alue +1 .

Theorem/Definition 5.5 . L et d; j 2 N with d > j . Ther e exists a p olynomial

M j
d (z) of de gr e e d with

j
d

j +1

k
critic al p oints of multiplicity j with critic al value

� 1 and

�j
d� 1

j

k
�

j
d

j +1

k�
such critic al p oints with critic al value +1 .

Pr oof. The existence of a corresp onding plane tree P T(M j
d ) can b e sho wn as

follo ws (compare �g. 5.6 on the preceding page). F or d = j + 1 w e de�ne P T(M j
d )

as a � -cen tered j -star. F or d = ( j + 1) + k � j �(j + 1) ; k 2 N , w e attac h successiv ely

sets of j � -cen tered j -stars as illustrated in �gure 5.6 . If d 6= ( j + 1) + k � j �(j + 1)
for some k 2 N the existence of plane trees P T(M j

d ) can b e sho wn similarly (see

�g. 5.7 ). �

The existence of the p olynomials M j
d (z) has t w o immediate consequences:

Cor ollar y 5.6 . The b ounds in lemma 5.2 on p age 70 ar e sharp. 2

It is clear that the p olynomials M j
d cannot ha v e only real co e�cien ts and only

real critical p oin ts for d large enough. So, the same holds for the singularities of

the surfaces of the follo wing corollary:

Cor ollar y 5.7 . L et d; j 2 N with d > j . Ther e exist surfac es

Chm (M j
d ) := F A 2

d + M j
d

of de gr e e d with the fol lowing numb er of singularities of typ e A j :

1
2 d(d � 1)�

j
d

j +1

k
+ 1

3 d(d � 3)�
�j

d� 1
j

k
�

j
d

j +1

k�
; if d � 0 mod 3;

1
2 d(d � 1)�

j
d

j +1

k
+ 1

3 (d(d � 3) + 2) �
�j

d� 1
j

k
�

j
d

j +1

k�
; otherwise : 2
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T o get an idea of the qualit y of our b est lo w er b ounds giv en b y our examples

Chm (M j
d ) from corollary 5.7 on the preceding page w e compare them with the

b est kno wn upp er b ounds: V arc henk o's sp ectral b ound (section 3.7 on page 35 )

and Miy aok a's b ound (section 3.10 on page 40 ). It is w ell-kno wn that the latter is

b etter for large d. T ogether with the previous corollary w e get:

Cor ollar y 5.8 . L et j 2 N . F or lar ge de gr e e d, the quotient of the num-

b er of A j -singularities on our surfac es Chm (M j
d ) and the b est known upp er b ound

Miy A j
(d) is:

� A j ( Chm (M j
d ))

Miy A j
(d)

�
(j + 2)(3 j + 2)

4(j + 1) 2 :

This quotient is gr e ater than

3
4 for al l j � 1, the limit for j ! 1 is also

3
4 . 2

5.6. Generalization to Higher Dimensions

It is p ossible to generalize the construction of surfaces with man y A j -singularities

describ ed in the previous sections to Pn
, n � 4. It turns out that for n � 5, the

folding p olynomials F A 2
d (x; y) are no longer the b est c hoice: Ev en for no dal h yp er-

surfaces, the folding p olynomials F B 2
d (x; y) lead to b etter lo w er b ounds.

5.6.1. No dal Hyp ersurfaces in Pn
, n � 4. In section 4.1 on page 45 w e

explained ho w Chm uto v idea to use the folding p olynomials F A 2
d (x; y) asso ciated

to the ro ot system A2 can b e generalized to obtain no dal h yp ersurfaces in higher

dimensions. W e can impro v e the asymptotic b eha viour of the lo w er b ound sligh tly

b y using a folding p olynomial asso ciated to another ro ot system. Suc h p olynomials

w ere describ ed in [ Wit88 ], and their critical p oin ts w ere studied in [ Bre05 ] anal-

ogous to the case of A2 treated b y Chm uto v in [ Chm92 ] (see also section 4.1 ). It

turns out that the folding p olynomials F B 2
d (x; y) asso ciated to the ro ot system B2

are b est suited for our purp oses. They can b e de�ned recursiv ely as follo ws:

F B 2
0 := 1 ; F B 2

1 :=
1
4

y; F B 2
2 :=

1
4

y2 �
1
2

(x2 � 2y � 4) � 1;

F B 2
3 :=

1
4

y3 �
3
4

y(x2 � 2y � 4) �
3
4

y;

(5.4) F B 2
d := y

�
F B 2

d� 1 + F B 2
d� 3

�
�

�
2 + ( x2 � 2y � 4)

�
F B 2

d� 2 � F B 2
d� 4:

These p olynomials ha v e exactly three di�eren t critical v alues: � 1, 0, +1 . The

n um b ers of critical p oin ts of F B 2
d are:

� d
2

�
with critical v alue 0, b(d� 1)

2 cbd
2 c with

critical v alue � 1. The use of these p olynomials impro v es the asymptotic b eha viour

(for d large) of the b est kno wn lo w er b ound for the maxim um n um b er of no des only

sligh tly . This is giv en b y Chm uto v's surfaces TChm

n
d whic h are de�ned as a sum

of T c heb yc hev p olynomials (see section 3.8 on page 38 ). In fact, the co e�cien t of

the highest order term of the p olynomial describing its n um b er of no des do es not

c hange (see table 5.2 on the next page). Nev ertheless, w e w an t to men tion:

Pr oposition 5.9 . L et n � 2, d � 3. Then: � ( Chm

n (F B 2
d )) > � ( TChm

n
d ):

It is not true that the folding p olynomials F A 2
d and F B 2

d are the b est p ossible

c hoices in all cases. Indeed, for d = 5 , a regular �v e-gon leads to more no des. F or

d = 3 ; 4 there are b etter constructions for no dal h yp ersurfaces in Pn
kno wn. In

fact, Kalk er (section 3.11 ) already noticed that V arc henk o's upp er b ound is exact
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n 3 4 5 6 7 8 9 10

1
dn �� ( Chm

n (F A 2
d )) � 5

12
7
18

7
24

19
72

35
144

49
216

79
432

25
144

1
dn �� ( Chm

n (F B 2
d )) � 1

dn �� ( TChm

n
d ) � 3

23
3
23

5
24

5
24

35
27

35
27

63
28

63
28

T able 5.2. The asymptotic b eha viour of the n um b er of no des

on v arian ts of Chm uto v's h yp ersurfaces in Pn
. As Chm uto v al-

ready realized in [ Chm92 ], the Chm

n (F A 2
d ) are only b etter for

n = 3 ; 4. F or n � 5, the b est lo w er b ounds are giv en b y our v arian t

Chm

n (F B 2
d ) whic h impro v es Chm uto v's oldest examples TChm

n
d

sligh tly .

for d = 3 . Goryuno v redisco v ered the same cubics b y another metho d and also

found quartics with man y no des in Pn
(see section 4.4 ).

5.6.2. Hyp ersurfaces in Pn
with A j -Singularities, j � 2; n � 4. Similar

to the case of surfaces whic h w e discussed in the preceding sections, w e can adapt

the equations for the no dal h yp ersurfaces to get h yp ersurfaces Chm

j;n (F B 2
d ) (or

Chm

j;n (F A 2
d ) , TChm

j;n
d ) with man y A j -singularities:

(5.5) Chm

j;n (F B 2
d ) :

b n � 3
2 cX

i =0

F B 2
d (x2i ; x2i +1 ) =

�
Td(xn � 2) + M j

d (xn � 1); n ev en

� 1
2 (M j

d (xn � 1) + 1) ; n o dd :

This leads to the asymptotic b eha viour giv en in table 5.3 .

n 3 4 5 6 7 8

1
dn �� n

A 2
(d) ' 2

9
13
72

1
6

13
96

55
384

15
128

1
dn �� n

A 3
(d) ' 11

72
1
8

11
96

3
32

25
256

125
1536

1
dn �� n

A 4
(d) ' 7

60
23

240
7
80

23
320

19
256

1
16

1
dn �� ( Chm

j;n (F A 2
d )) � 3j +2

6j ( j +1)
5j +3

12j ( j +1)
7j +3

18j ( j +1)
7j +4

24j ( j +1)
19j +16

72j ( j +1)
35j +19

144j ( j +1)

1
dn �� ( Chm

j;n (F B 2
d )) � 2j +1

4j ( j +1)
3j +2

8j ( j +1)
3j +2

8j ( j +1)
5j +3

16j ( j +1)
20j +15

64j ( j +1)
35j +20

128j ( j +1)

T able 5.3. The asymptotic b eha viour of the n um b er of A j -

singularities on a h yp ersurface of degree d in Pn
. Chm

j;n (F B 2
d )

is b etter than Chm

j;n (F A 2
d ) for n � 6.

Notice that w e usually get few er singularities if w e add a sign (� 1)i
in the sum

in con trast to equation (4.7 ) where the alternating sign is often b etter b ecause the

folding p olynomial F A 2
d has other critical v alues than F B 2

d .

Of course, for small d; n; j , it is often easy to write do wn b etter lo w er b ounds.

E.g., if n is ev en and d is small, it is often b etter to replace Td(xn � 2)+ M j
d (xn � 1) b y

a plane curv e with the maxim um kno wn n um b er of cusps. F or some sp eci�c v alues

of d, j � 2, n � 4 there are ev en b etter lo w er b ounds kno wn. E.g., w e already
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men tioned in section 1.5.3 that Lefsc hetz constructed a cubic h yp ersurface in P4

with 5 cusps whic h is the maxim um p ossible n um b er.

F or n = 2 , our construction presen ted in subsection 5.6.2 on the previous page

only leads to plane curv es of degree d with � 1
4 �d2

cusps whereas the generalization

of B. Segre's construction (equation (2.12 ) giv es � 9
32 �d2

suc h singularities when

starting with a smo oth conic.





Bresk e's 216-no dal real v arian t of Chm uto v's nonic.



CHAPTER 6

Real Line Arrangemen ts and Surfaces with Man y

Real No des

W e mak e a short excursus to the w orld of real algebraic geometry (see also

[ BLvS05 ]). More precisely , w e consider the relationship b et w een the maxim um

p ossible n um b er � A 1 (d) of no des on a surface of degree d and the maxim um p ossible

n um b er � R
A 1

(d) of real no des on a real surface in P3(R) . Ob viously , � R
A 1

(d) �
� A 1 (d) , but do w e ev en ha v e � R

A 1
(d) = � A 1 (d) ? In other w ords: Can the maxim um

n um b er of no des b e ac hiev ed with real surfaces with real singularities?

The previous question arises naturally b ecause all results in lo w degree d � 12
suggest that it could b e true (see c hapter 4 on page 45 and table 6.1 ). In con trast

to this, un til v ery recen tly , the b est kno wn asymptotic lo w er b ound, � A 1 (d) ' 5
12 d3

,

w as only reac hed b y Chm uto v's construction (section 4.1 on page 45 ) whic h yields

singularities with non-real co ordinates. But during the writing of Bresk e's diploma

thesis [ Bre05 ] under the direction of v an Straten it turned out that the folding

p olynomials used b y Chm uto v can b e adapted to ha v e real critical p oin ts. Of

course, these giv e rise to v arian ts of Chm uto v's surfaces with only real no des. In

this c hapter, w e brie�y explain ho w this can b e done. See table 6.1 on the follo wing

page for the lo w er b ounds for � A 1 (d) resulting from this. In the real case w e can

distinguish b et w een t w o t yp es of A1 -singularities, c onic al no des ( x2 + y2 � z2 = 0 )

and solitary p oints ( x2 + y2 + z2 = 0 ): Bresk e's construction pro duces only conical

no des.

Notice that in general there are no b etter real upp er b ounds for � R
A 1

(d) kno wn

than the w ell-kno wn complex ones of Miy aok a (section 3.10 ) and V arc henk o (section

3.7). But for solitary p oin ts there exist b etter b ounds via the relation to the zero

th

Betti n um b er (see e.g., [ Kha96 ]). E.g., Rohn sho w ed in 1913 that a real quartic

surface in P3(R) cannot ha v e more than 10 solitary p oin ts although it can ha v e 16
conical no des. W e sho w a real upp er b ound of � 5

6 d2
for the maxim um n um b er of

critical p oin ts on t w o lev els of real simple line arrangemen ts consisting of d lines. In

[ Chm95 ], Chm uto v conjectured this to b e the maxim um n um b er for all complex

plane curv es of degree d. He also noticed [ Chm92 ] that suc h a b ound directly

implies an upp er b ound for the n um b er of real no des of certain surfaces. Our upp er

b ound sho ws that Bresk e's folding p olynomials are asymptotically the b est p ossible

real line arrangemen ts for this purp ose.

6.1. V arian ts of Chm uto v's Surfaces with Man y Real No des

In this section, w e brie�y describ e ho w Bresk e adapted Chm uto v's construction

to get surfaces with man y real no des. Recall that the F A 2
d (x; y) ha v e critical p oin ts

with only three di�eren t critical v alues: 0, � 1, and 8 (see section 4.1 on page 45 ).

Th us, the surface Chm

A 2
d (x; y; z) is singular exactly at those p oin ts at whic h the

79
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d 1 2 3 4 5 6 7 8 9 10 11 12 13 d

� R
A 1

(d) � 0 1 4 16 31 65 104 174 246 360 480 645 832 4
9 d(d � 1)2

� R
A 1

(d) � 0 1 4 16 31 65 99 168 216 345 425 600 732 � 5
12 d3

T able 6.1. Except for d = 9 , the curren tly kno wn b ounds for the

maxim um n um b er � A 1 (d) (resp. � R
A 1

(d) ) of no des on a surface of

degree d in P3(C) (resp. P3(R) ) are equal. The b old n um b ers indi-

cate in whic h cases Bresk e's v arian ts of Chm uto v's surfaces impro v e

the previously kno wn lo w er b ound for � R
A 1

(d) .

critical v alues of F A 2
d (x; y) and

1
2 (Td(z) + 1) sum up to zero (i.e., either b oth are 0

or the �rst is � 1 and the second is +1 ).

Notice that the plane curv e de�ned b y F A 2
d (x; y) consists in fact of d lines. But

these are not real lines and the critical p oin ts of this folding p olynomial also ha v e

non-real co ordinates. It is natural to ask whether there is a real line arrangemen t

whic h leads to the same n um b er of critical p oin ts. In her Diploma thesis, Bresk e

computed the critical p oin ts of the other folding p olynomials. Among these, there

are the follo wing examples whic h are the real line arrangemen ts w e ha v e b een lo oking

for (see [ Bre05 , p. 87�89]):

W e de�ne the real folding p olynomial F A 2
R;d (x; y) 2 R[x; y] asso ciated to the ro ot

system A2 as F A 2
R;d (x; y) := F A 2

d (x + iy; x � iy ) , where i is the imaginary n um b er.

It is easy to see that the F A 2
R;d (x; y) ha v e indeed real co e�cien ts. The n um b ers of

critical p oin ts are the same as those of F A 2
d (x; y) ; but no w they ha v e real co ordinates

as the follo wing lemma sho ws:

Lemma 6.1 (see [ Bre05 ]) . The r e al folding p olynomial F A 2
R;d (x; y) asso ciate d to

the r o ot system A2 has

� d
2

�
r e al critic al p oints with critic al value 0 and

1
3

d2 � d; if d � 0 mod 3;
1
3

d2 � d +
2
3

; otherwise(6.1)

r e al critic al p oints with critic al value � 1. The other critic al p oints also have r e al

c o or dinates and have critic al value 8.

Pr oof. W e pro ceed similar to the case discussed b y Chm uto v, see [ Bre05 , p.

87�95] for details. T o calculate the critical p oin ts of the real folding p olynomial

F A 2
R;d , w e use the map h1 : R2 ! R2

, de�ned b y

(u; v) 7!
�
cos(2� (u+ v))+cos(2�u )+cos(2�v ); sin(2� (u+ v)) � sin(2�u ) � sin(2�v )

�
:

This is in fact just the real and imaginary part of the �rst comp onen t of the gener-

alized cosine h considered b y Withers [ Wit88 ] and Chm uto v [ Chm92 ]. It is easy

to see that h1
is a co ordinate c hange if u � v > 0; u + 2 v > 0, and 2u + v < 1. It

transforms the p olynomial F A 2
R;d in to the function GA 2

d : R2 ! R2
, de�ned b y

GA 2
d (u; v) := F A 2

R;d (h1(u; v)) = 2 cos(2�du ) + 2 cos(2�dv ) + 2 cos(2�d (u + v)) + 2 :

The calculation of the critical p oin ts of GA 2
d is exactly the same as the one p erformed

in [ Chm92 ]. As the function GA 2
d has (d � 1)2

distinct real critical p oin ts in the

region de�ned b y u � v > 0; u + 2 v > 0, and 2u + v < 1, the images of these p oin ts

under the map h1
are all the critical p oin ts of the real folding p olynomial F A 2

R;d of
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degree d. In con trast to Chm uto v, w e here get real critical p oin ts b ecause h1
is a

map from R2
in to itself. �

None of the other ro ot systems yield more critical p oin ts on t w o lev els. But

as men tioned in section 5.6 on page 74 , the real folding p olynomials asso ciated to

the ro ot system B2 giv e h yp ersurfaces in Pn
, n � 5, whic h impro v e the previously

kno wn lo w er b ounds for the maxim um n um b er of no des in higher dimensions sligh tly

([ Bre05 ] giv es a detailed discussion of all these folding p olynomials and their critical

p oin ts).

Figure 6.1. F or degree d = 9 w e sho w the T c heb yc hev p olynomial

T9(z) , the real folding p olynomial F A 2
R;9(x; y) asso ciated to the ro ot

system A2 , and the surface Chm

A 2
R;9(x; y; z) . The b ounded regions

in whic h F A 2
R;9(x; y) tak es negativ e v alues are mark ed in blac k.

The lemma immediately giv es the follo wing v arian t of Chm uto v's surfaces:

Theorem 6.2 (see [ Bre05 ]) . L et d 2 N . The r e al pr oje ctive surfac e of de gr e e

d de�ne d by

(6.2) Chm

A 2
R;d (x; y; z) := F A 2

R;d (x; y) +
1
2

(Td(z) + 1) 2 R[x; y; z]

has the fol lowing numb er of r e al no des:

(6.3)

1
12

�
5d3 � 13d2 + 12d

�
; if d � 0 mod 6;

1
12

�
5d3 � 13d2 + 16d � 8

�
; if d � 2; 4 mod 6;

1
12

�
5d3 � 14d2 + 13d � 4

�
; if d � 1; 5 mod 6;

1
12

�
5d3 � 14d2 + 9 d

�
; if d � 3 mod 6:

These n um b ers are the same as the n um b ers of complex no des of Chm uto v's

surfaces Chm

A 2
d (x; y; z) . T o our kno wledge, the result giv es new lo w er b ounds for

the maxim um n um b er � R
A 1

(d) of real singularities on a surface of degree d in P3(R)
for d = 9 ; 11 and d � 13, see table 6.1 on the preceding page. Notice that all b est

kno wn lo w er b ounds for � R
A 1

(d) are attained b y surfaces with only conical no des

whic h is not astonishing in view of the upp er b ounds for solitary p oin ts men tioned

in the in tro duction.

6.2. On T w o-Colorings of Real Simple Line Arrangemen ts

The real folding p olynomials F A 2
R;d (x; y) used in the previous section are in fact

r e al simple (str aight) line arr angements in R2
, i.e., lines no three of whic h meet in

a p oin t. Suc h arrangemen ts can b e 2-colored in a natural w a y (see �g. 6.1 ): W e
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lab el in blac k those connected comp onen ts ( c el ls ) of R2 n f F A 2
R;d (x; y) = 0 g in whic h

F A 2
R;d (x; y) tak es negativ e v alues, the others in white. The b ounded blac k regions in

�g. 6.1 con tain exactly one critical p oin t with critical v alue � 1 eac h.

Harb orth has sho wn in [ Har81 ] that the maxim um n um b er M b(d) of blac k cells

in suc h real simple line arrangemen ts of d lines satis�es:

(6.4) M b(d) �

(
1
3 d2 + 1

3 d; d o dd ;
1
3 d2 + 1

6 d; d ev en :

d of these cells are un b ounded. This is a purely com binatorial result whic h is

strongly related to the problem of determining the maxim um n um b er of triangles

in suc h arrangemen ts whic h has a long and ric h history (see [ GO04 ]). Notice

that this b ound is b etter than the one obtained b y Kharlamo v using Ho dge theory

[ Kha05 ]. It is kno wn that the b ound (6.4) is exact for in�nitely man y v alues of d.

The real folding p olynomials F A 2
R;d (x; y) almost ac hiev e this b ound. Moreo v er, these

arrangemen ts ha v e the v ery sp ecial prop ert y that all critical p oin ts with a negativ e

(resp. p ositiv e) critical v alue ha v e the same critical v alue � 1 (resp. +8 ).

T o translate the upp er b ound on the n um b er of blac k cells in to an upp er b ound

on critical p oin ts w e use the follo wing lemma:

Lemma 6.3 (see Lemme 10, 11 in [ OR03 ]) . L et f b e a r e al simple line arr ange-

ment c onsisting of d � 3 lines. f has exactly

� d� 1
2

�
b ounde d op en c el ls e ach of which

c ontains exactly one critic al p oint. A l l the critic al p oints of f ar e non-de gener ate.

It is easy to pro v e the lemma, e.g. b y coun ting the n um b er of b ounded cells

and b y observing that eac h suc h cell con tains at least one critical p oin t. Comparing

this with the n um b er (d � 1)2 �
� d

2

�
=

� d� 1
2

�
of all non-zero critical p oin ts giv es the

result. No w w e can sho w that our real line arrangemen ts are asymptotically the

b est p ossible ones for constructing surfaces with man y singularities:

Theorem 6.4 . The maximum numb er of critic al p oints with the same non-zer o

critic al value 0 6= v 2 R of a r e al simple line arr angement is b ounde d by M b(d) � d,

wher e d is the numb er of lines. In p articular, the maximum numb er of critic al

p oints on two levels of such an arr angement do es not exc e e d

� d
2

�
+ M b(d) � d � 5

6 d2
.

Pr oof. In view of the upp er b ound (6.4) for the maxim um n um b er M b(d) of

blac k cells of a real simple line arrangemen t w e only ha v e to v erify that an y b ounded

cell con tains only one critical p oin t. But this follo ws from the preceding lemma. �

Chm uto v sho w ed a m uc h more general result ([ Chm84 ], see [ Chm95 ] for the

case of non-degenerate critical p oin ts): F or a plane curv e of degree d the maxim um

n um b er of critical p oin ts on t w o lev els do es not exceed � 7
8 d2

. In [ Chm95 ], he

conjectured � 5
6 d2

to b e the actual maxim um whic h is attained b y the complex

line arrangemen ts F A 2
d (x; y) he used for his construction (and also b y the real line

arrangemen ts F A 2
R;d (x; y) ). Th us, our theorem 6.4 is the v eri�cation of Chm uto v's

conjecture in the particular case of real simple line arrangemen ts. As Chm uto v

remark ed in [ Chm92 ], suc h an upp er b ound immediately implies an upp er b ound

on the maxim um n um b er of no des on a surface in separated v ariables:

Cor ollar y 6.5 . A surfac e of the form p(x; y) + q(z) = 0 c annot have mor e

than � 1
2 d2� 1

2 d + 1
3 d2� 1

2 d = 5
12 d3

no des if p(x; y) is a r e al simple line arr angement.

This numb er is attaine d by the surfac es Chm

A 2
R;d (x; y; z) de�ne d in the or em 6.2 .
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Comparing this n um b er with the upp er b ound � 5
12 d3

on the zero

th

Betti

n um b er (see e.g., [ Kha96 , p. 533]) one is tempted to ask if it is p ossible to deform

our singular surfaces to get examples with man y real connected comp onen ts. But

our surfaces Chm

A 2
R;d (x; y; z) only con tain A �

1 singularities whic h lo cally lo ok lik e

a cone ( x2 + y2 � z2 = 0 ). When remo ving the singularities from the zero-set of

the surface ev ery connected comp onen t con tains at least three of the singularities.

Th us, the zero

th

Betti n um b er of a small deformation of our surfaces are not

larger than � 5
3�12 d3

whic h is far b elo w the n um b er � 13
36 d3

resulting from Bihan's

construction [ Bih03 ] whic h is based on Viro's patc h w orking metho d.

Con v ersely , w e ma y ask if it is alw a ys p ossible to mo v e the lines of a simple real

line arrangemen t in suc h a w a y that all critical p oin ts whic h ha v e a critical v alue

of the same sign can b e c hosen to ha v e the same critical v alue. If this w ere true

then it w ould b e p ossible to impro v e our lo w er b ound for the maxim um n um b er

� R
A 1

(d) of real no des on a real surface of degree d sligh tly b ecause it is kno wn that

the upp er b ounds for the maxim um n um b er M b(d) of blac k cells are in fact exact

for in�nitely man y d. E.g., in the already cited article [ Har81 ], Harb orth ga v e an

explicit arrangemen t of 13 straigh t lines whic h has

1
3 �132 + 1

3 �13� 13 = 47 b ounded

blac k regions. When regarding this arrangemen t as a p olynomial of degree d = 13 it

has exactly one critical p oin t with a negativ e critical v alue within eac h of the blac k

regions. Suc h a p olynomial w ould lead to a surface with

� 13
2

�
�d13� 1

2 e+ 47�b13� 1
2 c =

750> 732 no des. Similarly , suc h a surface of degree 9 w ould ha v e 228> 216 no des.

In the case of degree 7 the construction w ould only yield 96 no des whic h is less than

the n um b er 99 found in [ Lab04 ].

6.3. Concluding Remarks

Notice that it is not clear that line arrangemen ts are the b est plane curv es for

our purp ose, and w e ma y ask: Is it p ossible to exceed the n um b er of critical p oin ts

on t w o lev els of the line arrangemen ts F A 2
R;d (x; y) using irreducible curv es of higher

degrees? Either in the real or in the complex case? This is not true for the real

folding p olynomials. E.g., those asso ciated to the ro ot system B2 consist of man y

ellipses and yield surfaces with few er singularities (see [ Bre05 ]).

W e can also ask for the maxim um n um b er � R
A (d) of real A j -singularities. It is

clear that constructions similar to those in c hapter 5 on page 67 cannot giv e the same

n um b er of real no des b ecause of the in termediate v alue theorem (Zwisc hen w ertsatz).

It w ould b e nice to use real dessins d'enfan ts (see e.g., [ Bru ]) to c hec k whic h n um b ers

are actually p ossible to obtain.



A sextic with 30 real cusps and 10 real no des at in�nit y , constructed using an

algorithm in c haracteristic zero.



CHAPTER 7

An Algorithm in Characteristic Zero

W e giv e an algorithm (see also [ Lab05a ]) that can b e used to �nd h yp ersurfaces

with man y singularities within families of h yp ersurfaces. As w e will see, it is based

on v ery recen t features of the computer algebra system Singular . The idea to

suc h an algorithm is not so new. In fact, our main observ ation w as to notice that

w e can use features of the most recen t v ersions of this computer algebra system to

p erform the algorithm on a computer in our particular case.

W e describ e this algorithm using the example of the construction of a sextic

surface in P3
with 35 cusps. F rom this, it is easy to �gure out ho w to pro ceed in

general. When w e uploaded the preprin t [ Lab05a ] to arXiv.org w e b eliev ed that

this 35-cuspidal example w as the one with the maxim um kno wn n um b er of cusps.

Only recen tly w e realized that Gallarati's v arian t of B. Segre's construction (see

section 2.5 on page 24 ) leads to a sextic with 36 cusps. W e presen t the algorithm

here b ecause it can certainly b e applied in man y similar situations.

In the w orks men tioned in part 1, the authors used geometric argumen ts to

reduce a problem dep ending on sev eral parameters to p olynomials eac h dep ending

only on one parameter. The ro ots of these p olynomials could then easily b e found

b y hand or b y computer algebra. But what can w e do when there are no geometric

argumen ts a v ailable to reduce the problem to equations in one v ariable eac h? In this

case, w e can still use a similar approac h b y replacing ro ot-�nding of a p olynomial

in one v ariable b y primary decomp osition.

7.1. The F amily of 30-cuspidal Sextics

As our starting p oin t, w e tak e the 4-parameter family f s;t;u;v � P3
with dihedral

symmetry D5 de�ned b y:

(7.1)

p := z � � 4
j =0

�
cos

� 2�j
7

�
x + sin

� 2�j
7

�
y � z

�

= z
16

h
x

�
x4 � 2�5�x2y2 + 5 �y4

�

� 5�z�
�
x2 + y2

� 2
+ 4 �5�z3�

�
x2 + y2

�
� 16�z5

i
;

qs;t;u;v := s�(x2 + y2) + t�z2 + u�zw + v�w2;
f s;t;u;v := p � q3

s;t;u;v :

p is the pro duct of z and 5 planes in P3(C) meeting in the p oin t (0 : 0 : 0 : 1)
with the symmetry D5 of the 5-gon with rotation axes f x = y = 0 g. qs;t;u;v is also

D5 -symmetric, b ecause x and y only app ear as x2 + y2
.

The generic surface f s;t;u;v has 15�2 = 30 singularities of t yp e A2 at the in ter-

sections of the tripled quadric qs;t;u;v with the

� 6
2

�
pairwise in tersection lines of the

6 planes p. 2�5 = 10 of the singularities lie in the f z = 0 g plane, the other 4�5 = 20
not. The co ordinates of the latter 20 can b e obtained from the 4 singularities in

the f y = 0 g plane using the symmetry of the family . T o see that the f y = 0 g plane

con tains 4 cusps, note that pjy=0 = z � (z � x) � (x2 � 2xz � 4z2)2
: F or generic v alues

85
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of the parameters, this doubled quadric factor meets the tripled quadric qs;t;u;v in

2 � 2 p oin ts.

Note that

(7.2) f s;t;u;v (x; y; z; �w ) = f s;t;�u;� 2 v (x; y; z; w) 8� 2 C� ;

s.t. w e can c ho ose v := 1 (it is easy to see that v = 0 corresp onds to a degenerate

case). Therefore, w e write:

f s;t;u := f s;t;u; 1 and qs;t;u := qs;t;u; 1:

7.2. The Sextics with 35 Cusps

T o �nd surfaces in this 3-parameter family with more singularities, w e compute

the discriminan t Disc f s;t;u 2 C[s; t; u] of the family f s;t;u b y �rst dividing out the

base lo cus (the in tersections of the double lines of p with the quadric q) from the

singular lo cus (w e use saturation, b ecause w e ha v e to divide out the base lo cus six

times):

sl :=
�

@f
@x

;
@f
@y

;
@f
@z

;
@f
@w

�
;

bl :=
�

@p
@x

;
@p
@y

;
@p
@z

;
@p
@w

; q
�

;

I := sl : bl1 :

Then w e eliminate the v ariables x; y; z from this quotien t. In fact, b ecause of

the symmetry w e restrict our atten tion to the f y = 0 g plane, whic h sp eeds up the

computations: Ev ery singularit y in the plane f y = 0 g whic h is not on the rotation

axes f x = y = 0 g generates an orbit of length 5 of singularities of the same t yp e.

A short Singular computation then giv es the discriminan t Disc f s;t;u 2 Q[s; t; u],

whic h factorizes in to Disc f s;t;u = D f; 1 � D f; 2 � D f; 3 , where:

D f; 1 = 2 20�36 � s5 �
�
24�s2 + 2 2�3�st + t2�

� (s + t)2

+
�
� 219�36�

� s5 �
�
2�11�s2 + 19�st + 2 �t2�

� (s + t) � u2

+2 16�36 � s5 �
�
41�s2 + 2 �3�7�st + 2 �3�t2�

� u4

+
�
� 214�33�

� s3

�
�
2�33�7�s3u6 + 2 2�33�s2tu6 + 2 6�52�s3 � 25�52�s2t � 52�61�st2 � 53�t3�

+2 12�33 � s3 �
�
33�s2u6 � 25�52�s2 � 2�52�61�st � 3�53�t2�

� u2

+2 10�33�52 � s3 � (61�s + 3 �5�t) � u4

+
�
� 26�53�

�
�
22�33�s3u6 + 2 6�5�23�s3 + 2 5�3�5�s2t + 2 2�3�52�st2 + 5 2�t3�

+2 4�3�54 �
�
25�s2 + 2 3�5�st + 5 �t2�

� u2

+
�
� 22�3�55�

�
�
22�s + t

�
� u4

+5 5 �
�
u4 � 22�u2 + 2 4�

�
�
u2 + 2 2�

;

D f; 2 =
�
� 24�

� t2 + 2 3 � t �
�
u2 + 2

�
+

�
2�u � (u2 + 2 2)

�
�
�
2�u + ( u2 + 2 2)

�
;

D f; 3 = 2 2 � t + (2 � u) � (2 + u) :

W e hop e that some singularities of the discriminan t corresp ond to examples

of surfaces f s;t;u with more A2 -singularities. Note that only D f; 1 dep ends on the

parameter s. Using computer algebra, it is easy to v erify that the in tersections of
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t w o of the 3 comp onen ts D f; 1; D f; 2; D f; 3 of Disc f s;t;u do not yield to surfaces with

man y additional singularities.

So, w e use Singular again to compute the primary decomp osition of the singular

lo cus of D f; 1 o v er Q : sl(D f; 1) = slf; 1 \ slf; 2 \ slf; 3 \ slf; 4 , where

slf; 1 =
�

22�
�
22�s � t

�
+ u2; 26�33�s3 � 5

�

slf; 2 =
�

� 22�
�
22�3�s + 5 �t

�
+ 5 �u2; 24�32�s2 + 2 2�3�5�s + 5 2

�

slf; 3 =
�

215�33�t6 � 214�34�t5�u2 + 2 11�34�5�t4�u4 � 26�33�5�t3�
�
25�u6 � 11�31

�

+2 4�34�5�t2�
�
23�u6 � 11�31

�
�u2 � 22�34�t �

�
24�u6 � 5�11�31

�
�u4

+
�
23�33�u12 � 33�5�11�31�u6 + 2 6�52�193

�
;

211�32 � t4 � 211�32 � t3 � u2 + 2 8�33 � t2 � u4

� 22 �
�
25�32�tu6 � 22�5�7�19�211�s � 5�73�193�t

�

+ u2 �
�
23�32�u6 � 5�73�193

� �

slf; 4 =
�

22�3�s � 5; � 4�(t + 1) + u2
�

:

All these prime ideals de�ne smo oth curv es in the 3-dimensional parameter

space. When pro jecting the curv e C3 de�ned b y slf; 3 to the s; t - or the s; u-plane,

w e get in b oth cases six straigh t lines de�ned b y the equation

(7.3) 215�33�s6 � 26�33�5�s3 + 5 2 = 0 :

This sho ws that C3 consists in fact of the union of six plane curv es. Ov er the

algebraic extension Q(s) , it is easy to compute the equation of these:

(7.4) C3;s = 5 �u2 � 22�5�t � 211�32�s4 � 24�5�s 2 Q(s)[t; u]:

T o sho w that there is a surface with 35A2 -singularities, w e tak e the most simple

p oin t of this curv e, the one with u = 0 :

Theorem 7.1 ( 35-cuspidal Sextic) . L et s0 2 C b e one of the six r o ots of (7.3 ).

L et (t0; 0) b e the p oint on C3;s0 with u = 0 . Then the sextic S35 := f s0 ;t 0 ;0 � P3

has exactly 35 singularities of typ e A2 and no other singularities.

Pr oof. W e use computer algebra. The Singular script and its output can

b e do wnloaded from the w ebpage [ Lab03a ]. Here, w e giv e the basic ideas. With

u = 0 in C3;s0 , w e �nd: t0 = � 4�s0

�
27 �32

5 �s3
0 + 1

�
: F or the corresp onding surface

(7.5) S35 := f
s0 ;� 4�s0

�
27 � 32

5 �s3
0 +1

�
;0

w e �rst c hec k that the total milnor n um b er is 70. Then w e v erify that the surface

has 35 singularities of t yp e A2 : F or eac h orbit of singularities, w e compute the ideal

of one of the singularities and c hec k explicitly that it is a cusp. T o sho w this it

su�ces to v erify that its milnor n um b er is exactly t w o. E.g., for the orbit of the

�v e non-generic singularities, w e tak e the cusp Syw that lies in the f y = 0 g plane:

Syw =
�

�
27�32

5
s3

0 + 8 : 0 : 1 : 0
�

:

�

Note that the co e�cien ts of the surface S35 are not real. In fact, the ideal slf; 3

do es not con tain an y real p oin t, b ecause equation (7.3 ) do es not ha v e an y real ro ot.

In particular, it is not p ossible to use the soft w are surf [ End01 ] to dra w an image
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of this sextic. This also holds for the more general family f s;t;u;v b ecause of equation

(7.2 ). The curv es de�ned b y the ideals slf; 2 and slf; 4 lead to only one additional

higher singularit y , and w e are not in terested in suc h examples.

But in the case of the prime ideal slf; 1 , w e get surfaces with 30 real A2 -

singularities and 10 real A1 -singularities (see also �g. 7.1 ). Again, w e c ho ose a

p oin t in the parameter-space with u = 0 :

Theorem 7.2 . The sextic f s0 ;t 0 ;0 � P3
, wher e s0 := 1

3�22
3
p

5 2 R , t0 = 2 2�s0 2
R , has exactly 30 singularities of typ e A2 , 10 singularities of typ e A1 , and no other

singularities. F urthermor e, al l the singularities ar e r e al.

Pr oof. Similar to the preceding one. �

Figure 7.1. A sextic with 30 cusps and 10 no des at in�nit y . Some

mo vies illustrating this are a v ailable from [ Lab03a ].

7.3. Concluding Remarks

In our application, w e could restrict our atten tion to a plane b ecause of the

symmetry of the family , so that the n um b er of v ariables decreased. This sp eeded up

the computations. But the case of septics with man y no des w as to o time-consuming

to b e treated in this w a y: Our construction of a 99-no dal surface of degree 7 (see

next c hapter) in v olv es computations in p ositiv e c haracteristics and then liftings to

c haracteristic zero using the geometry of the examples.

In other applications, it migh t b e easy to divide out the base lo cus and to

compute the discriminan t, e.g. b y using the geometry of the family . Then it only

remaines to study the discriminan t for �nding examples whic h ha v e more singular-

ities than the generic mem b er of the family .
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7.4. The Singular Co de

"::::::: :::::";

"A Sextic with $35$ Cusps";

"(Oliver Labs)";

"";

"This Singular script computes the parameters s,t,u,v,";

"s.t. the surface f_{s,t,u,v} of the article has $35$ cusps.";

"";

"This script also contains the proof that this surface has ";

"$35$ such singularities and no other singularities.";

"::::::: :::::";

"";

LIB "primdec.lib";

LIB "sing.lib";

LIB "classify.lib";

LIB "zeroset.lib";

proc mycodim(ideal stdi)

"

ASSUME: stdi is already in standard bases form!

"

{

return(nvars(basering)-dim(stdi) );

}

proc std_primdecGTZ(ideal I)

"

RETURN: A list, similar to the one returned by primdecGTZ, but with

some extra information.

Calls primdecGTZ and then calls std() for each of the prime ideals

replace the prime ideals by their standard-basis.

The third sub-item of each item of the list is

the dimension of the prime ideal,

the fourth sub-item is its multiplicity.

"

{

list pd = primdecGTZ(I);

list pd_neu;

int i;

list coords;

ideal stdtmp;

for(i=1; i<=size(pd); i++) {

stdtmp = std(pd[i][2]);

pd_neu[i] = list(pd[i][1], stdtmp, dim(stdtmp), mult(stdtmp));

}

return(pd_neu);

}

/////////////////////////// ///

int pr = 0;
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//////////////

// The ring in which the algebraic number t is defined:

//

ring r = pr, (x,y,z,w,s,t,u,v), dp;

// The 6 planes p:

poly p = z*(16*x^5-160*x^3*y^2+80*x*y^4

-80*x^4*z-160*x^2*y^2*z+320*x^ 2*z^3

-80*y^4*z+320*y^2*z^3-256*z^5) /256;

// The quadric q:

poly q = (s*(x^2+y^2) +t*z^2 +u*w*z +v*w^2);

// The family of sextics with 30 cusps:

poly f = p - q^3;

ideal jf = diff(f,w), diff(f,y), diff(f,z), diff(f,x);

ideal jfy = substitute(jf, y,0);

ideal bl = diff(p,x), diff(p,z), diff(p,w), diff(p,y), q;

ideal bly = substitute(bl, y,0);

"";"";"sl:";"";

jfy;

"";"";"bl:";"";

bly;

"";"";"Compute I and eliminate x and z:";"";

poly discr;

"";"sat...";

ideal I = sat(jfy,bly)[1];

"";"std...";

I = std(I);

"";"eliminate x and z...";

ideal el = eliminate(I,xz);

el;

discr = el[1];

"";"";"From now on we choose v=1.";"";

//map mp = r, x,y,z,w,s,t,1,v;

map mp = r, x,y,z,w,s,t,u,1;

discr = mp(discr);

"";"";"Factorize Disc_f:";"";

factorize(discr);

"";

poly mpf = mp(f);

//"discr for u=1:";discr;

// the conditions on the parameters that yield

// additional singularities on the x=y=0 axes

// (precomputed)



7.4. THE SINGULAR CODE 91

poly conduv(1), conduv(2);

conduv(1) = 4*v*(t+1)-u^2;

conduv(2) = (u^2-4tv)^2 + 4*v*(u^2+4*v*(1-t));

// for the discriminant, we do not want the

// conditions conduv(i) that describe the cases

// that give a singularity on the x=y=0 axes:

"";"";"Notice that the largest component is exactly the one that describes";

"the cases that do not give a singularity on the x=y=0 axes:";"";

discr = quotient(discr,mp(conduv(1)))[1] ;

discr = quotient(discr,mp(conduv(2)))[1] ;

discr;

"";"";"Primary decomposition of sl(D_{f,1}) (takes a few seconds):";"";

if(0==1) {

// The following takes a few seconds.

// So, by default, we do not execute this part of the script.

// Change 0==1 to 1==1 in the preceding if-statement

// if you want this part to be executed.

list sl_f = std_primdecGTZ(slocus(discr)) ;

sl_f;

} else {

"skipped (precomputed).";

}

ideal sl_f3 = u4-68su2-8tu2+1216s2+272st+16t2 ,

48s2u2-2496s3-192s2t+5,

18432s4-5u2+80s+20t;

poly els = eliminate(sl_f3, tu)[1];

"";"The six values for s (equation (3)):";"";

els;

"-----";"";"Switch to the extension Q(s):";"";

string els_str = string(els);

"els:",els_str;

ring rs = (0,s),(t,u,x,y,z,w),dp;

execute("minpoly = "+els_str+";");

ideal sl_f3 = imap(r,sl_f3);

sl_f3 = std(sl_f3);

"";"";"equation (4):";"";

sl_f3;

"";"";"The value t_0(s) in the proof the $35$-cuspidal sextic theorem:";"";

poly p_t = subst(sl_f3[1], u, 0);

number n_t = leadcoef(- ((p_t / leadcoef(p_t)) - t));

n_t;

"";"";"The equation of S_{35}:";"";

poly f = imap(r,mpf);

f = substitute(f, u,0, t,n_t);

f;

"-----";"";"The total milnor number:";"";

ideal jf = diff(f,x), diff(f,y), diff(f,z), diff(f,w);
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jf = std(jf);

"codim:", mycodim(jf), ", milnor:", mult(jf);

"";"";"The total milnor number on w=1:";"";

poly fw = substitute(f, w,1);

ideal jfw = fw, diff(fw,x), diff(fw,y), diff(fw,z);

jfw = std(jfw);

"codim:", mycodim(jfw), ", milnor:", mult(jfw);

"";"";"The total milnor number on y=0, w=0, z=1:";"";

poly fyw = substitute(f, y,0, w,0, z,1);

ideal jfyw = fyw, diff(fyw,x), diff(fyw,z);

// first throw away the non-existent point (0:0:0:0):

jfyw = sat(jfyw,xyzw)[1];

// then compute the total milnor number:

jfyw = std(jfyw);

"codim:", mycodim(jfyw), ", milnor:", mult(jfyw);

"";"Check that this is exactly one point by computing the radical:";"";

ideal radjfyw = radical(jfyw);

radjfyw = std(radjfyw);

"codim:", mycodim(radjfyw), ", milnor:", mult(radjfyw);

"";"This shows that S_{yw} is an A_2 singularity.";"";

"";"";"The ideal describing the point S_{yw} in the affine z=1 chart:";"";

list lSyw = primdecGTZ(jfyw);

ideal ptSyw = y,w,subst(lSyw[1][2],z,1);

ptSyw;

"-----";"";"Check that all the 30 other singularities are non-nodes:";"";

fw = substitute(f, w,1);

jfw = fw, diff(fw,x), diff(fw,y), diff(fw,z);

// then compute the total milnor number:

jfw = std(jfw);

"codim:", mycodim(jfw), ", milnor:", mult(jfw);

ideal nonnodes = fw, jfw, det(jacob(jacob(fw)));

nonnodes = std(nonnodes);

"codim(nonnodes):", mycodim(nonnodes), ", milnor(nonnodes):", mult(nonnodes);

"-----";"";"Check that there is no singularity on y=0, z=0 and w=1:";"";

ideal jfyz = fw, diff(fw,x), diff(fw,y), diff(fw,z);

jfyz = substitute(jfyz, y,0, z,0);

jfyz = std(jfyz);

"dim:",dim(jfyz), ", milnor:", mult(jfyz);

"-----";"";"Check that all the 10 singularities on z=0, w=1 are A_2s:";"";

"Compute the total milnor number:";

ideal jfz = subst(jfw,z,0);

jfz = std(jfz);

"codim:", mycodim(jfz), ", milnor:", mult(jfz);

"";"Check that there are exactly 10 singularities on z=0:";

"radical...";

ideal radjfz = radical(jfz);

"std...";
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radjfz = std(radjfz);

"codim:", mycodim(radjfz), ", milnor:", mult(radjfz);

"";"As all the 10 are non-nodes, they all have milnor number 2";

"and are thus A_2-singularities.";

"-----";"";"Check that all the 4 singularities on y=0, w=1 are A_2s:";"";

"Compute the total milnor number:";

ideal jfy = subst(jfw,y,0);

jfy = std(jfy);

jfy;

"codim:", mycodim(jfy), ", milnor:", mult(jfy);

"";"Check that there are exactly 4 singularities on y=0:";

"Compute the primary decomposition of jfy...";

list ljfy = std_primdecGTZ(jfy,1);

ljfy;

"The 3rd and 4th entry are dimension and multiplicity";

"of the prime component:";

"codim:", ljfy[1][3], ", milnor:", ljfy[1][4];

"";"As all the 4 are non-nodes, they all have milnor number 2";

"and are thus A_2-singularities.";

"From the symmetry of the construction we thus know that";

"all the 20=4*5 singularities";

"which are in the D_5-orbits of these four singularities";

"are A_2-singularities.";

"-----";"";"Thus the surface S_{35} of degree 6 has exactly 35 cusps";

"and no other singularities.";

"";"This completes the proof the theorem.";"";

$;



A septic with 99 no des, constructed using the geometry o v er prime �elds.



CHAPTER 8

Using the Geometry o v er Prime Fields

W e ha v e already seen that the restrictions on the maxim um n um b er � A 1 (d) of

no des on a no dal surface of degree d kno wn so far are as follo ws:

degree 2 3 4 5 6 7 8 9 10 11 12 d

� A 1 (d) � 1 4 16 31 65 93 168 216 345 425 600

5
12 d3

� A 1 (d) � 1 4 16 31 65 104 174 246 360 480 645

4
9 d3

In this c hapter w e sho w (see also [ Lab04 ]):

(8.1) � A 1 (7) � � R
A 1

(7) � 99:

The upp er b ound � (7) � 104 is giv en b y V arc henk o's sp ectrum b ound (section

3.7). Notice that for d = 7 Miy aok a's b ound (section 3.10 ) is 112, but Giv en tal's

b ound (section 3.6 ) also computes to 104.

The previously kno wn septic with the greatest n um b er of no des w as the example

of Chm uto v with 93 no des (see section 4.1 on page 45 ). F or d � 5 and the

ev en degrees d = 6 ; 8; 10; 12 there are examples exceeding Chm uto v's lo w er b ound:

sections 4.5 , 4.7 , 4.9 . These had b een obtained b y using some b eautiful geometric

argumen ts based on Rohn's (section 1.3 ) and B. Segre's idea (section 2.4 ).

Here, w e explain ho w to use the geometry of computer algebra exp erimen ts o v er

prime �elds to treat the case d = 7 and to �nd the �rst surface of o dd degree greater

than 5 that exceeds Chm uto v's general lo w er b ound. Giv en an explicit equation of a

family of h yp ersurfaces, there are some other approac hes for �nding those examples

with the greatest n um b er of no des. W e w ere not able to apply the tec hniques whic h

do not in v olv e computer algebra and whic h w ere used for degree d = 6 ; 8; 10; 12
b ecause for these one needs a priori some go o d idea on the geometry of the surface.

W e neither succeeded using the computer algebra tec hniques from c hapter 7 in the

presen t case b ecause of computer p erformance restrictions.

Instead, w e c ho ose a more geometric and exp erimen tal approac h to study the

family . The idea to use exp erimen ts o v er prime �elds w as already used b y other

p eople, e.g. Sc hrey er and T onoli [ ST02 ]. But in their case they w ere able to use

deformation theoretical argumen ts to sho w that their examples lift to some sp e-

cial Calabi-Y au threefolds in c haracteristic zero. In our case, w e lift the mo dular

examples explicitly to c haracteristic zero using their geometry .

8.1. The F amily

Inspired b y man y authors (see in particular sections 1.3 , 4.2, 4.5 , 4.7 ), w e lo ok

for septics with man y no des in P3(C) within a 7-parameter family of surfaces

Sa1 ;a 2 ;:::;a 7 := P � Ua1 ;a 2 ;:::;a 7

95
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of degree 7 admitting the dihedral symmetry D7 of a 7-gon:

P := 2 6 � � 6
j =0

�
cos

�
2�j
7

�
x + sin

�
2�j
7

�
y � z

�

= x�
�
x6 � 3�7�x4y2 + 5 �7�x2y4 � 7�y6�

+7 �z�
h�

x2 + y2� 3
� 23�z2�

�
x2 + y2� 2

+ 2 4�z4�
�
x2 + y2� i

� 26�z7;

Ua1 ;:::;a 7 := ( z + a5w)
�
a1z3 + a2z2w + a3zw2 + a4w3 + ( a6z + a7w)(x2 + y2)

� 2
:

P is the pro duct of 7 planes in P3(C) meeting in the p oin t (0 : 0 : 0 : 1) and

admitting D7 -symmetry with rotation axes f x = y = 0 g: In fact, P is in v arian t

under the map y 7! � y and P \ f z = z0g is a regular 7-gon for z0 6= 0 . U is also

D7 -symmetric, b ecause x and y only app ear as x2 + y2
.

As w e ha v e already seen in section 1.3 on Rohn's construction of no dal quar-

tics, suc h a surface S has generically no des at the 3 � 21 = 63 in tersections of the� 7
2

�
= 21 doubled lines of P with the doubled cubic of U . W e lo ok for parameters

a1; a2; : : : ; a7 , s.t. the corresp onding surface has 99 no des.

As Sa1 ;a 2 ;:::;a 7 (x; y; z; �w ) = Sa1 ;�a 2 ;� 2 a3 ;� 3 a4 ;�a 5 ;a 6 ;�a 7 (x; y; z; w) 8� 2 C�
, w e

c ho ose a7 := 1 . Moreo v er, exp erimen ts o v er prime �elds suggest that the maxim um

n um b er of no des on suc h surfaces is 99 and that suc h examples exist for a6 = 1 . As

w e are mainly in terested in �nding an example with 99 no des, w e restrict ourselv es

to the sub-family:

S := Sa1 ;a 2 ;a 3 ;a 4 ;a 5 ;1;1 = P � Ua1 ;a 2 ;a 3 ;a 4 ;a 5 ;1;1:

Some other cases, e.g. a6 = 0 , also lead to 99-no dal septics (see e.g. c hapter 9 ).

8.2. Reduction to the Case of Plane Curv es

T o simplify the problem of lo cating examples with 99 no des within our family

S , w e restrict our atten tion to the f y = 0 g -plane and searc h for plane curv es Sjy=0

(w e write Sy for short) with man y no des. This is motiv ated b y the symmetry of

the construction:

Lemma 8.1 (see [ End96 ]) . A memb er S = Sa1 ;a 2 ;a 3 ;a 4 ;a 5 ;1;1 of our family of

surfac es has only or dinary double p oints as singularities, if (1 : i : 0 : 0) =2 S and

the surfac e do es only c ontain or dinary double p oints as singularities in the plane

f y = 0 g. If the plane septic Sy has exactly n no des and if exactly nxy of these no des

ar e on the axes f x = y = 0 g then the surfac e S has exactly nxy + 7 � (n � nxy ) no des

and no other singularities. Each singularity of Sy which is not on f x = y = 0 g
gives an orbit of 7 singularities of S under the action of the dihe dr al gr oup D7 .

Pr oof. Because of the D7 -symmetry of the construction, w e only ha v e to sho w

that there are no other singularities than the claimed ones. It is easy to pro v e (see

[ End96 , p. 18, cor. 2.3.10] for details) that an y isolated singularit y of S whic h is

not con tained in one of the orbits of the no des of Sy w ould yield a non-isolated

singularit y whic h in tersects the plane f y = 0 g. But this con tradicts the assumption

that the surface S do es only con tain ordinary double p oin ts on f y = 0 g. �

So, w e �rst lo ok for septic plane curv es of the form Sy with man y no des, then w e

v erify that these singularities are indeed also no des of the surface. Via the lemma,

w e are then able to conclude that the surface has only ordinary double p oin ts. In



8.3. FINDING SOLUTIONS O VER SOME PRIME FIELDS 97

order to understand the geometry of the plane septic Sy b etter w e lo ok at the

singularities that o ccur for generic v alues of the parameters. First, w e compute:

Pjy=0 = x7 + 7 � x6z � 7 � 23 � x4z3 + 7 � 24 � x2z5 � 26 � z7

=
(x � z)

24 �
�

x + ( � � )z
| {z }

=: L 1

� 2
�
�

2x + ( � 2 + 4 � )z
| {z }

=: L 2

� 2
�
�

2x + ( � � 2 � 2� + 8) z
| {z }

=: L 3

� 2
;

Ujy=0 = ( z + a5w)
�

(z + w)x2 + a1z3 + a2z2w + a3zw2 + a4w3

| {z }
=: C

� 2
;

where � satis�es:

(8.2) � 3 + 2 2� 2 � 22� � 23 = 0 :

The three p oin ts Gij of in tersection of C with the line L i are ordinary double

p oin ts of the plane septic Sy = Pjy=0 � Ujy=0 for generic v alues of the parameters,

s.t. w e ha v e 3 � 3 = 9 generic singularities (see �g. 8.1 ).

z = 0

x = 0

z = � 1

L 1

L 2

L 3

C

Sy;1

C

Figure 8.1. The three doubled lines L i and the doubled cubic C
in tersect in 3� 3 = 9 p oin ts Gij . These are the generic singularities

of the plane septic Sy .

8.3. Finding Solutions o v er some Prime Fields

In the early times of computer algebra, the soft w are w as only able to w ork

o v er �nite prime �elds. It is w ell-kno wn that the reduction mo dulo a prime p of a

h yp ersurface has the same n um b er and t yp e of singularities for almost all p. So, the

common practice in the early 1990's w as to compute this for a hop efully su�cien t

n um b er of di�eren t primes.

W e tak e the other direction. By running o v er all p ossible parameter com bina-

tions o v er some small prime �elds Fp using the computer algebra system Singular

[ GPS01 ], w e �nd some 99-no dal surfaces o v er these �elds: F or a giv en set of pa-

rameters a1; a2; : : : ; a5 , w e can easily c hec k the actual n um b er of no des on the

corresp onding surface using computer algebra (see [ GP02 , app endix A, p. 487]).
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As indicated in the previous section, w e w ork in the plane f y = 0 g for faster

computations. It turns out that the greatest n um b er of no des on Sy is 15 o v er the

small prime �elds Fp , 11 � p � 53: See table 8.1 on the facing page. The prime

�elds Fp , 2 � p � 7, are not listed b ecause they are sp ecial cases: These primes

app ear as co e�cien ts or exp onen ts in the equation of our family . In eac h of the cases

w e c hec k ed, one of the 15 singular p oin ts lies on the axes f x = 0 g, suc h that the

corresp onding surface has exactly 14� 7 + 1 = 99 no des and no other singularities.

8.4. The Geometry of the 15-no dal septic Plane Curv e

T o �nd parameters a1; a2; : : : ; a5 in c haracteristic 0 w e w an t to use geometric

prop erties of the 15-no dal septic plane curv e Sy . But as w e do not kno w an y suc h

prop ert y y et, w e use our prime �eld examples to get some go o d ideas:

Obser v a tion 8.2 . In al l our prime �eld examples of 15-no dal plane septics Sy ,

we have:

(1) Sy splits into a line Sy; 1 and a sextic Sy; 6 : Sy = Sy; 1 � Sy; 6 . The plane

curve Sy; 6 of de gr e e 6 has 15 � 6 = 9 singularities. Note that this pr op-

erty is similar to the one of the 31-no dal D5 -symmetric quintic in P3(C)
c onstructe d by W. Barth (se ction 4.2 on p age 47 ).

The line and the sextic have some inter esting ge ometric pr op erties (se e �g. 8.1 on

the pr e c e ding p age and �g. 8.3 on p age 102 ):

(2) Sy; 1 \ Sy; 6 = f R; G1j 1 ; G2j 2 ; G3j 3 ; O1; O2g, wher e R is a p oint on the axes

f x = 0 g and the Gij k ar e thr e e of the 9 generic singularities Gij of Sy ,

one on e ach line L i , and O1; O2 ar e some other p oints that neither lie on

f x = 0 g, nor on one of the L i .

(3) The sextic Sy; 6 has the six generic singularities Gij ; (i; j ) 2 f 1; 2; 3g2 n
f (1; j 1); (2; j 2); (3; j 3)g, and thr e e exc eptional singularities: E1; E2; E3 .

In many prime �eld exp eriments, we have furthermor e:

(4) In the pr oje ctive x; z; w -plane, the p oint R has the c o or dinates (0 : � 1 : 1),

s.t. the line Sy; 1 has the form Sy; 1 : z + t � x + w = 0 for some p ar ameter

t (se e also table 8.1 on the facing p age).

The other c ases ( R = (0 : c : 1); c 6= � 1) le ad to mor e c omplic ate d e quations and

wil l not b e discusse d her e.

Using this observ ation as a guess for our septic in c haracteristic 0, w e obtain

sev eral p olynomial conditions on the parameters. Using Singular to eliminate

v ariables, w e �nd the follo wing relation b et w een the parameters a4 and t :

(8.3) t �
�

a4t3 + t
| {z }

=: �

� 2
+ t � 1 = 0;

whic h can b e parametrized b y � : t = � 1
1+ � 2 ; a4 = ( � (1+ � 2) � 1)(1+ � 2)2: F urther

eliminations allo w us to express all the other parameters in terms of � :

� a1 = � 7 + 7 � 5 � � 4 + 7 � 3 � 2� 2 � 7� � 1;
� a2 = ( � 2 + 1)(3 � 5 + 14� 3 � 3� 2 + 7 � � 3);
� a3 = ( � 2 + 1) 2(3� 3 + 7 � � 3);
� a5 = � � 2

1+ � 2 :
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Field a1 a2 a3 a4 a5 Sy; 1 �

F11 2 3 5 2 -5 z = x � w � = � 3

F19 -7 -2 7 1 8 z = 8 x � w � = 7
F19 2 0 1 9 7 z = 9 x � w � = � 4
F19 5 -9 7 -3 -1 z = 2 x � w � = � 3

F23 -5 11 10 1 7 z = � 9x � w � = � 2

F31 -15 -13 -5 13 -10 z = � 2x � w � = � 13
F31 1 -2 14 -9 11 z = 15x � w � = � 11
F31 14 -10 -13 -14 -11 z = � 13x � w � = � 7

F43 -11 15 0 -13 -6 z = � 6x � w � = 7
F43 20 16 -1 -14 10 z = � 12x � w � = 14
F43 -9 3 -3 -11 5 z = 18x � w � = � 21

F53 -8 20 14 18 11 z = 25x � w � = 4
F53 -2 -10 -14 -26 16 z = � 9x � w � = 24
F53 10 25 -4 22 25 z = � 16x � w � = 25

T able 8.1. A few examples of parameters giving 15-no dal sep-

tic plane curv es (and 99-no dal surfaces) o v er prime �elds (see

[ Lab03a ] for more exhaustiv e tables).

8.5. The 1-parameter F amily of Plane Sextics

Once more w e use our explicit examples of 15-no dal septic plane curv es o v er

prime �elds to �nally b e able to write do wn a condition for � in c haracteristic 0.

First, note that w e can no w easily obtain the equation of Sy; 6 b y dividing the

equation of our septic curv e Sy b y the equation of the line Sy; 1 = z + tx + w =
z � 1

1+ � 2 x + w . Sy; 6 is a sextic whic h has 6 no des for generic � , but should ha v e 9
double p oin ts for some sp ecial v alues of � . One idea to determine these particular

v alues is to �nd a geometric relation b et w een the 6 generic singular p oin ts and the

3 exceptional ones.

8.5.1. Three Conics. Lo oking at the equations describing the singular p oin ts

of our examples of 9-no dal sextics Sy; 6 o v er the prime �elds, w e see the follo wing:

Obser v a tion 8.3 . F or al l our 9-no dal examples of plane sextics over prime

�elds, ther e ar e thr e e c onics thr ough six of these p oints e ach (se e �g. 8.2 on the next

p age):

(1) one c onic C0 thr ough the 6 generic singularities,

(2) one c onic C1 thr ough the 3 exc eptional singularities and 3 of the generic

ones,

(3) one c onic C2 thr ough the 3 exc eptional singularities and the other 3 generic

ones.

Mor e over, the thr e e c onics have the fol lowing pr op erties over the prime �elds:

(4) C1 has the form:

(8.4) C1 : x2 + kz2 + ( k + 4) zw = 0 ;
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z = 0

x = 0

z = � 1

C0

C1

C2

E1

E2

E3

C2

C1

C0

Figure 8.2. Three conics relating the 9 double p oin ts of the sextic

Sy; 6 . E1; E2; and E3 (blac k) are the exceptional singularities (i.e.

they do not lie on one of the lines L i , see �g. 8.1 on page 97 ).

The white p oin ts are the generic singularities, coming from the

in tersection of the doubled cubic C with the three doubled lines

L i .

wher e k is a stil l unknown p ar ameter. In p articular, C1 is symmetric with

r esp e ct to x 7! � x and c ontains the p oint (0 : 0 : 1).

(5) C0 interse cts the other two c onics on the f x = 0 g -axes (se e �g. 8.2 ):

(8.5) X 1 := C0 \ C1 \ f x = 0 g; X 2 := C0 \ C2 \ f x = 0 g:

T o determine the new parameter k in equation (8.4 ), w e will use (8.5 ). W e

compute the t w o p oin ts of C0 on the f x = 0 g -axes explicitly using Singular :

First, the ideal I gen
Sy; 6

describing the six generic singularities of Sy; 6 can b e computed

from the ideal I gen
Sy

:= ( C; L 1L 2L 3) describing the 9 generic singularities of Sy b y

calculating the follo wing ideal quotien t: I gen
Sy; 6

= I gen
Sy

: Sy; 1 . No w, the equation of

C0 can b e obtained b y taking the degree- 2-part of the ideal I gen
Sy; 6

:

(8.6)

�x 2 + ( � 3 + 5 � � 1)xz + ( � 3 + � � 1)xw
C0 : (� 5 + 6 � 3 � � 2 + � � 1)z2 + (2 � 5 + 8 � 3 � 2� 2 + 6 � � 2)zw

+( � 5 + 2 � 3 � � 2 + � � 1)w2 = 0 :

Th us, f P+ ; P � g := C0 \ f x = 0 g =
n�

0 : � 2( � 3 +3 � � 1)(1+ � 2 ) � � ( � )
2( � 5 +6 � 3 � � 2 + � � 1) : 1

�o
; where

(8.7)

� (� )2 := ( � 3 + 3 � � 1)2(1 + � 2)2

� 4(� 5 + 6 � 3 � � 2 + � � 1)(1 + � 2)( � 3 + � � 1):

C1 in tersects the f x = 0 g -axes in exactly t w o p oin ts: (0 : 0 : 1) and X 1 .

Hence, w e can determine the t w o p ossibilities for the parameter k 2 Q(�; � (� )) in

equation (8.4) for C1 : T ogether with the z and w -co ordinates of the p oin ts P �
,

C1 \ f x = 0 g = f kz2 + kzw + 4 zw = 0 g leads to the follo wing t w o p ossibilities:

(8.8) C1 : x2 +
� 4P �

z

P �
z (P �

z + 1)
z(z + w) + 4 zw = 0 :
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8.5.2. The Condition on � . The equations of the conics C0 and C1 will

allo w us to compute the condition on � , s.t. the sextic Sy; 6 has 9 singularities, using

the follo wing (see observ ation 8.3 and �g. 8.2 ):

� C0 in tersects the three doubled lines L i exactly in the six generic singu-

larities.

� C1 in tersects the three doubled lines L i exactly in three of these six generic

singularities and the origin (whic h coun ts three times).

Th us, the set of z -co ordinates of the three p oin ts (C1 \ L 1L 2L 3) n f (0 : 0 : 1)g
has to b e con tained in the set of z -co ordinates of the six p oin ts C0 \ L 1L 2L 3 . This

means that the remainder q of the follo wing division ( resx denotes the resultan t

with resp ect to x )

(8.9) resx (C0; L 1L 2L 3) = p(z) �
�

1
z3 � resx (C1; L 1L 2L 3)

�
+ q(z)

should v anish: q = 0 .

As the degree of the remainder is deg(q) = 2 , this giv es 3 conditions on � and

� (� ) , coming from the fact that all the 3 co e�cien ts of q(z) ha v e to v anish. It turns

out that it su�ces to tak e one of these, the co e�cien t of z2
, whic h can b e written

in the form c(� ) + � (� )d(� ) , where c(� ) and d(� ) are p olynomials in Q[� ]. As a

condition on � only w e can tak e:

cond(� ) :=
�
c(� ) + � (� )d(� )

�
�
�
c(� ) � � (� )d(� )

�
2 Q[� ];

whic h is of degree 150.

This condition cond(� ) v anishes for those � for whic h the corresp onding surface

has 99 no des and for sev eral other � . T o obtain a condition whic h exactly describ es

those � w e are lo oking for, w e factorize cond(� ) = f 1 �f 2 � � � f k (e.g., using Singular

again). Substituting in eac h of these factors our solutions o v er the prime �elds, w e

see that the only factor that v anishes is: 7� 3 + 7 � + 1 = 0 :

8.6. The Equation of the 99-no dal Septic

Up to this p oin t, it is still only a guess � v eri�ed o v er some prime �elds � that

the v alues � satisfying the condition ab o v e giv e 99-no dal septics in c haracteristic 0.

But it turns out that w e ha v e indeed:

Theorem 8.4 ( 99-no dal Septic) . L et � 2 C satisfy:

(8.10) 7� 3 + 7 � + 1 = 0 :

Then the surfac e S� in P3(C) of de gr e e 7 with e quation S99 := S� := P � U� has

exactly 99 or dinary double p oints and no other singularities, wher e

P := x�
�
x6 � 3�7�x4y2 + 5 �7�x2y4 � 7�y6�

+7 �z�
h�

x2 + y2� 3
� 23�z2�

�
x2 + y2� 2

+ 2 4�z4�
�
x2 + y2� i

� 26�z7;

U� := ( z + a5w)
�
(z + w)(x2 + y2) + a1z3 + a2z2w + a3zw2 + a4w3� 2

;

a1 := � 12
7 � 2 � 384

49 � � 8
7 , a2 := � 32

7 � 2 + 24
49 � � 4;

a3 := � 4� 2 + 24
49 � � 4, a4 := � 8

7 � 2 + 8
49 � � 8

7 ;
a5 := 49� 2 � 7� + 50 .
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z = 0

x = 0

z = � 1

Sy;1

E1

E2

E3

Sy;6

R

Figure 8.3. The 15-no dal plane septic Sy � R
= Sy; 1� R

� Sy; 6� R
(see

(8.11 ) on page 102 ); the singularities of the sextic Sy; 6� R
are mark ed

b y large circles: The three exceptional singularities E1; E2; E3 are

mark ed in blac k, the generic singularities in white. The �v e left-

most no des are real isolated ones. Only �v e of the six in tersections

of the line Sy; 1� R
and the sextic Sy; 6� R

are visible b ecause w e just

sho w a small part of the whole (x; z) -plane.

Ther e is exactly one r e al solution � R 2 R to the c ondition (8.10 ),

(8.11) � R � � 0:14010685;

and al l the singularities of S� R ar e also r e al.

Pr oof. By computer algebra. The total tjurina n um b er (i.e., 99) of S� can b e

computed as follo ws:

ring r = (0, alpha), (x, y, w, z), dp; minpoly = 7*alpha^3 + 7*alpha + 1;

poly S_alpha = ...;

ideal sl = jacob(S_alpha); option(redSB); sl = std(sl);

degree(sl); // gives: proj. dim: 0, mult: 99

Using the hessian criterion, w e can c hec k in a similar w a y that the singularities

are all no des:

matrix mHess = jacob(jacob(S)); ideal nonnodes = minor(mHess,2), sl;

nonnodes = std(nonnodes); degree(nonnodes); // gives: proj. dim: -1

See [ Lab03a ] for the complete Singular co de and for more information whic h

ma y help y ou to v erify the result b y hand. Using the geometric description of the

singularities of the plane septic giv en in the previous sections, it is straigh tforw ard

to v erify the realit y assertion (see �g. 8.4 for a visualization).

�

8.7. F urther Remarks

The existence of the real � R allo ws us to use our to ol surfex [ HLM05 ] to

compute an image of the 99-no dal septic S� R (�g. 8.4 on the facing page). When
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Figure 8.4. A part of the a�ne c hart w = 1 of the real septic

with 99 no des, see [ Lab03a ] for more images and mo vies.

denoting the maxim um n um b er of real singularities a septic in P3(R) can ha v e b y

� R (7) , w e get, with the remarks men tioned in the in tro duction:

Cor ollar y 8.5 .

99 � � R (7) � � (7) � 104:

Note that the previously kno wn lo w er b ound, 93, w as reac hed b y S. V. Chm u-

to v's surface (section 4.1 ). It can b e computed using deformation theory and Sin-

gular (see section 4.6 on page 51 ) that the space of obstructions for globalizing all

lo cal deformations is zero. W e th us obtain:

Cor ollar y 8.6 . Ther e exist surfac es of de gr e e 7 in P3(R) with exactly k r e al

no des and no other singularities for k = 0 ; 1; 2; : : : ; 99.

Recen tly , there has b een some in terest in surfaces that do exist o v er some �nite

�elds, but whic h are not liftable to c haracteristic 0. The reduction of our 99-no dal

septic S� mo dulo 5 (note: 1 2 F5 satis�es (8.10 ): 7�13 + 7 �1 + 1 � 0 mo dulo 5)

neither giv es a 99-no dal surface nor a highly degenerated one as one migh t exp ect

b ecause the exp onen t 5 app ears sev eral times in the de�ning equation. Instead, w e

can easily v erify the follo wing using computer algebra:

Cor ollar y 8.7 . F or � 5 := 1 2 F5 the surfac e S� 5 � P3(F5) de�ne d as in the

ab ove the or em has 100 no des and no other singularities.

Of course, not all the co ordinates of its singularities are in F5 , but in some

algebraic extension. The septic has similar geometric prop erties as our 99-no dal

surface; in addition it has one no de at the in tersection of the f x = y = 0 g axes and

f w = 0 g. Un til no w, w e w ere not able to determine if this 100-no dal septic de�ned

o v er F5 can b e lifted to c haracteristic zero.
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8.8. A Conjecture

W e hop e to b e able to apply our tec hnique for �nding surfaces with man y

no des within families of surfaces to similar problems. E.g., it should b e p ossible to

construct surfaces with dihedral symmetry of degree 9 and 11 with man y ordinary

double p oin ts. In fact, our exp erimen ts o v er prime �elds suggest the follo wing

conjecture whic h is already established for d = 3 ; 5; 7 (see �gure 8.5 on the facing

page whic h illustrates the geometry of the plane curv e Sy ):

Conjecture 8.8 . F or any o dd d � 3, ther e exists a surfac e S of de gr e e d with

1
8 �

�
3d3 � 4d2 � 7d + 8

�
no des with the fol lowing ge ometric pr op erties:

(1) S has dihe dr al symmetry Dd and is c onstructe d b ase d on R ohn 's ide a (se c-

tion 1.3 ): S = P � (z + a0w) � (Sd � 1
2

)2
, wher e P is a pr o duct of d planes

P = � d� 1
j =0

�
cos

�
2�j
d

�
x + sin

�
2�j
d

�
y � z

�

and Sd � 1
2

is a surfac e of de gr e e

d� 1
2 .

(2) The plane curve Sy := S\f y = 0 g factors into a line and a curve of de gr e e

d � 1: Sy = Sy; 1 � Sy;d � 1 .

(3) Sy has

d� 1
2 +

�
d� 1

2

� 2
+ 1

2
d� 1

2

�
d� 1

2 � 1
�

no des.

(4) Exactly one of the no des of Sy , say R , lies on the r otation axes f x = y = 0 g
of the dihe dr al op er ation. In fact, R is the interse ction of the line Sy; 1 with

the r otation axes f x = y = 0 g.

(5) The generic surfac e fr om R ohn 's c onstruction has no des at the interse ction

of the

� d
2

�
= d �

�
d� 1

2

�
interse ction lines of the d planes de�ne d by P with

the surfac e Sd � 1
2

of de gr e e

d� 1
2 . Be c ause of the dihe dr al symmetry of the

c onstruction

1
d � d �

�
d� 1

2

� 2
of the no des of the plane septic Sy c ome fr om

this gener al c onstruction.

F or d � 11, the n um b er of no des conjectured ab o v e exceeds Chm uto v's lo w er

b ound for the maxim um n um b er of no des on a surface of degree d (section 4.1 ). But

for d � 13, Chm uto v's examples ha v e more no des. Th us, if the conjecture cannot

b e impro v ed then it do es only yield v ery few new lo w er b ounds: � A 1 (9) � 226 and

� A 1 (11) � 430.
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Figure 8.5. The geometry of the conjectured plane curv e Sy .



The f y = 0 g plane section of the a�ne c hart w = 1 of a 226-no dal nonic o v er F61 .

It can b e found and lifted to c haracteristic zero using an algorithm for lo cating

in teresting examples within families of algebraic v arieties.



CHAPTER 9

Lo cating In teresting Examples within F amilies

Supp ose w e ha v e a k -parameter family of algebraic v arieties Va1 ;a 2 ;:::;a k de�ned

o v er some algebraic extension K := Q(� ) of Q in whic h w e hop e to exist a particu-

larly inter esting example.

Supp ose furthermore that there exists an algorithm whic h allo ws us to detect

using computer algebra if a v ariet y Va1 ;a 2 ;:::;a k is inter esting for giv en v alues of the

parameters a1; a2; : : : ; ak . Then the algorithm whic h w e describ e in this c hapter and

whic h w e implemen ted as the Singular [ GPS01 ] library sear chInF amilies.lib

allo ws us to lo cate these examples in man y cases.

As w e ha v e seen in the preceding c hapters, all surfaces of degree d � 8 with

the greatest kno wn n um b er of no des can b e constructed b y lo cating them within

families with dihedral symmetry. F urthermore, w e ha v e already seen that for a giv en

surface it is easy to compute its n um b er of no des using computer algebra. Th us,

the problem of �nding surfaces with man y no des is exactly of the t yp e describ ed in

the previous paragraph.

And indeed, w e will see in the follo wing sections that the construction of all

kno wn surfaces of degree d � 7 whic h lead to the b est kno wn lo w er b ounds for the

maxim um n um b er � A 1 (d) of no des can b e reduced to a computer algebra calculation.

Moreo v er, w e apply the metho d to the case of degree d = 9 whic h leads to a new

lo w er b ound:

(9.1) � A 1 (9) � 226:

Recall that w e ha v e seen in the �rst part of this Ph.D. thesis and in c hapter 8 that

the restrictions on � A 1 (d) kno wn b efore the presen t c hapter are as follo ws:

degree 2 3 4 5 6 7 8 9 10 11 12 d

� A 1 (d) � 1 4 16 31 65 99 168 216 345 425 600

5
12 d3

� A 1 (d) � 1 4 16 31 65 104 174 246 360 480 645

4
9 d3

Th us, in degree d = 9 there remains a gap of 20 no des b et w een our construction

whic h leads to 226 no des and the b est kno wn upp er b ound 246.

9.1. Some In tro ductory Examples

In the previous c hapter, w e used the geometry of the prime �eld examples to

obtain a conjecture for some restrictions on the parameters. W e could then v erify

them b y simply computing the n um b er of no des of the resulting surface.

The pro cess of �guring out the needed geometric prop erties of the prime �eld

examples in v olv ed creativ e h uman in teraction. Here, w e use a purely arithmetic w a y

to lift the prime �eld examples whic h can b e p erformed automatically . Nev ertheless,

geometric insigh t can sp eed up the algorithm signi�can tly .

107
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�eld � � ( vS 1:� )

F2 � �

F3 � �

F5 1 205
F5 � 1 205

F7 1 130

F11 1 130

F13 1 130

F17 1 130

T able 9.1. Examples of vS (1: � ) o v er some prime �elds whic h ha v e

at least 130 ordinary double p oin ts.

The examples whic h w e presen t in this section illustrate the basic ideas b ehind

our metho d.

9.1.1. V an Straten's 130-no dal Quin tic in P4
. Let us lo ok for examples

with man y isolated singularities within v an Straten's t w o-parameter family (see

section 4.3 on page 48 )

vS ( � :� ) := � �� 5(x0; : : : ; x5) + � �� 2(x0; : : : ; x5)�� 3(x0; : : : ; x5)

of h yp ersurfaces of degree 5 in the P4
cut out b y x5 = � (x1 + x2 + � � � + x4) . It is

clear that the corresp onding h yp ersurface has a non-isolated singularit y if � = 0 ,

so let us normalize to � := 1 . This lea v es us with a one-parameter family vS (1: � ) .

Running through all p ossible parameters � o v er the prime �elds F2; F3; : : : ; F19 ,

w e �nd the examples with at least 130 ordinary double p oin ts listed in table 9.1 .

The whole computation tak es appro ximately t w o min utes on our computer.

F rom this table, it is easy to guess that vS (1:1) is indeed a 130-no dal quin tic

in P4
in c haracteristic zero. This guess can no w b e v eri�ed, again using computer

algebra. Notice that the reduction mo dulo �v e giv es a 205-no dal quin tic in P4
whic h

cannot exist in c haracteristic zero b ecause of V arc henk o's upp er b ound whic h is 135
no des (see section 3.7 ).

9.1.2. Barth's 65-no dal Sextic in P3
. Let us compute the parameters for

whic h Barth's one-parameter family of 45-no dal sextics F� = P � � �Q2
has ex-

actly 65 no des (see section 4.5 on page 50 ). The Singular script whic h computes

table 9.2 on the next page only runs for a few seconds.

It is easy to guess from the table that � has to satisfy some quadratic condition.

F or eac h prime for whic h there exist exactly t w o solutions w e compute the monic

quadratic p olynomial with the t w o v alues of � as ro ots. These monic quadratic

p olynomials o v er the prime �elds are not di�cult to lift b y lifting eac h co e�cien t to

some rational n um b er. This can b e done using W ang's rational reco v ery algorithm

[ W an81 ] or one of its v arian ts (see e.g., [ CE95 ], [ Mon04 ]):

Algorithm 1 (W ang's algorithm) .

Input: A mo dulus M 2 Z and a r esidue U 2 Z=(M ) .
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�eld � p olynomial � (F� )

F2 � � �

F3 � � �

F5 � 2 � + 2 65

F7 � � �

F11 5, � 4 � 2 � � + 2 65

F13 � � �

F17 � � �

�eld � p olynomial � (F� )

F19 3, � 2 � 2 � � � 6 65

F23 � � �

F29 5, � 4 � 2 � � + 9 65

F31 � 1, 2 � 2 � � � 2 65

F37 � � �

F41 � 13, 14 � 2 � � � 18 65

F43 � � �

T able 9.2. Examples of F� o v er some prime �elds whic h ha v e at

least 65 ordinary double p oin ts.

Output: A p air (A; B ) of inte gers s.t. A � BU mod M and jAj; B <
q

1
2 M

with B > 0 if such a p air exists. Otherwise, r eturn NIL.

1 (A1; A2) := ( M; U ) ; (V1; V2) := (0 ; 1);

2 lo op

3 if jV2j �
q

1
2 M then r eturn NIL;

4 if A2 <
q

1
2 M then r eturn ( sign (V2)A2; jV2 j) ;

5 Q := bA 1
A 2

c; (A1; V1) := ( A1; V1) � Q(A2; V2) ;

6 sw ap (A1; A2) ; sw ap (V1; V2) ;

Of course, W ang's algorithm only w orks �ne if the mo dulus M is big enough.

Th us, in our situation w e �rst ha v e to use the c hinese remainder theorem on all

our prime �eld examples to b e able to apply the rational reco v ery algorithm. This

immediately yields:

� 2 � � �
1
16

= 0 :

Again, it is easy to v erify using computer algebra that this is indeed the correct

parameter.

9.1.3. A Reducible Case. T o illustrate a problem whic h ma y o ccur b ecause

of di�eren t algebraic n um b ers w e consider the ideal I = (( x2 � 1
2 )�(x2 � 1

3 ); y � 1
7 ) �

Q[x; y]. T able 9.3 on the follo wing page lists all Fp -rational p oin ts of I (i.e. p oin ts of

I with co ordinates in Fp ) o v er some small prime �elds Fp . Of course, the existence

of suc h p oin ts is related to the existence of square ro ots of t w o and three in these

�elds.

It ma y happ en that the prime �eld exp erimen ts tak e to o m uc h time, so that w e

do not ha v e enough primes p for whic h the maxim um n um b er of Fp -rational p oin ts

exists. E.g., in our example w e found only one prime, namely 23, for whic h all four

p oin ts are Fp -rational. Suc h a problem do es not exist in the case in whic h w e are

in the comfortable p osition to b e able to pro duce as man y prime �eld examples

as w e wish. These cases are not v ery di�cult, in particular if w e already kno w in

adv ance whic h primes ha v e go o d reduction and whic h not (see [ ABKR00 ]): tak e

a reduced Gro ebner basis of the ideal de�ning the p oin ts and lift the co e�cien ts
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p 1p
2

1p
3

1
7 ideal #

11 �, � 2, � 2 � 3 y + 3 , xy + 3 x + 2 y � 5, x2 � 4 2

13 �, � 3, � 3 2 y � 2, xy � 2x + 3 y � 6, x2 + 4 2

17 3, � 3 �, � 5 y � 5, xy � 5x + 3 y + 2 , x2 + 8 2

19 �, � �, � � 8 1 0

23 9, � 9 � 10, 10 10 y � 10, xy � 10x � 10y + 8 , x4 + 3 x2 + 4 4

29 �, � �, � � 4 1 0

31 4, � 4 �, � 9 y � 9, xy � 9x + 4 y � 5, x2 + 15 2

37 �, � � 5, 5 16 y � 16, xy � 16x � 5y + 6 , x2 + 12 2

41 12, � 12 �, � 6 y � 6, xy � 6x � 12y � 10, x2 + 20 2

43 �, � �, � � 6 1 0

T able 9.3. F or some prime �elds Fp w e sho w all Fp -rational p oin ts

of the ideal I =
�
(x2 � 1

2 )�(x2 � 1
3 ); y � 1

7

�
. The column �#� lists

the n um b er of these p oin ts and the column �ideal� sho ws a reduced

Gro ebner basis of the ideal describing them.

using W ang's rational reco v ery algorithm. But in our applications, the b ottle nec k

of the algorithm are the exp erimen ts and w e usually cannot pro duce man y more

prime �eld examples in short time.

T o solv e the problem w e simply c ho ose only subsets of all primes whic h lead

to the second most n um b er of Fp -rational p oin ts. In our example, the maxim um

n um b er of Fp -rational p oin ts is 4 and the second most is 2. As

4
2 = 2 , at least half

of the cases in whic h there are exactly t w o Fp -rational p oin ts ha v e to come from

the same factor ( (x2 � 1
2 ) or (x2 � 1

3 ) ) of the reducible p olynomial of I .

There are six primes, 11; 13; 17; 31; 37; 41, with exactly t w o Fp -rational p oin ts.

Th us, for all

� 6
6=2

�
=

� 6
3

�
= 20 com binations of three of these primes w e try to lift

their ideals in the same w a y as for the 65-no dal sextic. E.g., for the set of primes

f 11; 13; 37g W ang's rational reco v ery algorithm already pro duces the guess x2 � 1
3 ,

y � 1
7 . This guess can then b e v eri�ed o v er the rational n um b ers using computer

algebra.

9.2. The Algorithm

W e no w describ e the algorithm in the general situation. All main ideas are

already con tained in the examples presen ted in the previous section. The purp ose

of the algorithm can b e form ulated as follo ws:
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Algorithm 2 . (sketch)

Input: � A n ide al F � K [a1; : : : ; ak ; x0; x1; : : : ; xn ] wher e the ai ar e c on-

sider e d as p ar ameters. F or c oncr ete values ai of the p ar ameters ai ,

this yields an ide al Fa1 ;:::; ak � K [x0; x1; : : : ; xn ].

� A pr o c e dur e checkInterest(id eal I) which che cks over �nite �elds

K = Fp , p prime, if a given ide al I := Fa1 ;:::; ak is in teresting .

� A pr o c e dur e checkResult(ide al F, ideal condsPars) which che cks

in an algebr aic extension of Q if a guesse d solution is r e al ly in terest-

ing .

� Both pr o c e dur es have to b e c omp atible in the obvious sense.

Output: If an in teresting variety exists: an ide al in K [a1; : : : ; ak ] de�ning

p ar ameters a1 , a2 , . . . , ak s.t. Fa1 ;a2 ;:::; ak is in teresting in the sense de�ne d

by the sp e ci�e d pr o c e dur e.

Remark 9.1 . � F or the algorithm to work as describ e d b elow, we have

to assume that the set of solutions is zer o-dimesional. But as we ar e only

inter este d in �nding one example, this is no r e al r estriction.

� In our c ases, I = Fa1 ;:::; ak � K [x0; x1; : : : ; xn ] is just a single p olyno-

mial descibing a hyp ersurfac e in Pn
, and checkInterest(i de al I) sim-

ply veri�es that the numb er of singularities of this hyp ersurfac e over a �nite

�eld is high. The pr o c e dur e checkResult(ideal F, ideal condsPars)

is very similar, but it works in char acteristic zer o.

� W e implemente d a pr ototyp e version of this algorithm as a pr e-version of

the Singular [ GPS01 ] libr ary searchInFamilies. li b . It is available

fr om [ Lab03a ] to gether with some example �les r elate d to this article.

Our algorithm consists of sev eral steps:

Step 1: Prime Field Exp erimen ts. W e run through all p ossible parameter

com binations o v er some small prime �elds Fp1 ; Fp2 ; : : : ; Fpm and use the pro cedure

checkInterest to pic k the inter esting parameter v ectors. These p ossible com bina-

tions ma y b e restricted b y giving a list of conditions.

If the original equation of the surface is de�ned o v er some algebraic extension

K := Q(� ) of Q then w e simply add � to the list of parameters and add its minimal

p olynomial to the list of conditions on the parameters.

Example 9.1 . In our applic ation, the pr o de duc e checkInterest wil l simply

c ompute the numb er of singularities of the given surfac e and r eturn true if it is the

numb er we have b e en lo oking for or false if not.

Step 2: The Ideals o v er the Prime Fields. F or eac h prime p 2 f p1; : : : ; pm g
w e view the inter esting parameter v ectors as p oin ts in the parameter space and

compute the ideal I p describing all p oin ts b y in tersecting the p oin t ideals. W e

then compute a reduced Gro ebner basis of the I p to mak e the o ccurring monomials

unique.

In order to b e able to lift the ideals to c haracteristic zero w e �rst ha v e to �gure

out whic h of the mo dular ideals come from the same ideal in c haracteristic zero. T o

do this, w e sort the ideals I pi �rst w.r.t. the n um b er of inter esting parameter p oin ts

they de�ne and second w.r.t. the monomials whic h o ccur in the ideal. W e pic k the

set SI with the greatest n um b er of prime �eld ideals with the same monomials.
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Step 3: Lifting the Ideal. Then w e lift eac h co e�cien t o ccurring in the

reduced Gro ebner basis of the ideals in SI using W ang's rational reco v ery algorithm.

As indicated in the example of section 9.1.3 on page 109 this migh t lead to some

problems and require some more computations if di�eren t algebraic n um b ers are

in v olv ed. Suc h a situation can only o ccur if the v ariet y in the parameter space is

reducible.

If all the co e�cien ts o ccurring in the ideal can b e lifted to c haracteristic zero

then w e pro ceed with the next step.

If not then w e go bac k to the �rst step and p erform some new exp erimen ts. If

w e ha v e already obtained partial results then w e ma y use these in order to sp eed

up the computations.

Step 4: Chec king the Guess. Using the pro cedure checkInterest again

w e no w v erify the guess whic h the lifting pro cess has pro duced. If it is not y et the

correct one then w e go bac k to the �rst step and p erform some more exp erimen ts.

9.3. Dihedral-symmetric Surfaces of Degree d � 6 with Man y No des

As indicated in the in tro duction to this c hapter, the algorithm describ ed in the

previous sections reduces the construction of surfaces of degree d � 6 in P3
whic h

ha v e the maxim um p ossible n um b er of no des to a trivialit y once w e had the idea to

lo ok for dihedral-symmetric examples:

Implemen ting a pro cedure checkInterest(i de al I) whic h c hec ks if the sur-

face giv en b y I has the correct n um b er of no des is easy . Then it only remains to

write do wn the Dd -symmetric (resp. Dd� 1 -symmetric) families of surfaces based on

Rohn's construction (see section 1.3 ).

F or the concrete results w e do not use an y further geometric in tuition, although

this migh t lead to m uc h nicer results: In this section, w e are only in terested in a

pro of of concept, i.e. in sho wing that our algorithm pro duces the correct results

ev en if w e apply it in a v ery naiv e w a y . The computations w ere p erformed on a 1

MHz Mobile Cen trino Laptop with 512 MB memory . In all examples, almost all the

time w as used for the exp erimen ts. Although the equations are easy to compute,

w e copied most of them together with the pro jectivities from [ End96 ].

9.3.1. A D3 -symmetric 4-no dal Cubic. In degree d = 3 , the family of

dihedral-symmetric surfaces based on Rohn's construction is

f a1 ;a 2
3 := p � qa1 ;a 2 ;

where

p := x3 � 3xy2 + 3 x2w + 3 y2w � 4w3;

qa1 ;a 2 := a1�(z � a2w)) �z2:

As w e are only in terested in pro jectiv ely di�eren t surfaces, w e ma y c ho ose a2 := 1

b ecause f a1 ;a 2
3 (x; y; �z; w ) = f

a1 � 3 ; a 2
�

3 (x; y; z; w) 8 � 2 C�
(see [ End96 , p. 22]).

This lea v es us with a one-parameter family f a1 ;1
3 of three-no dal cubics.

It su�ces to p erform the exp erimen ts for all primes p 2 f 5; 7; 11; : : : ; 29g. The

whole algorithm runs t w o seconds, including exp erimen ts, lifting and v eri�cation of

the result in c haracteristic zero. It �nds the 4-no dal cubic f
27
4 ;1

3 .



9.3. DIHEDRAL-SYMMETRIC SURF A CES OF DEGREE d � 6 WITH MANY NODES 113

9.3.2. A D3 -symmetric 16-no dal Kummer Quartic. In degree d = 4 , the

family is

f a1 ;a 2 ;a 3 ;a 4
4 := p � qa1 ;a 2 ;a 3 ;a 4 ;

where

p :=
1
4

�z�
�
x3 � 3xy2 + 3 x2w + 3 y2w � 4w3�

;

qa1 ;a 2 ;a 3 ;a 4 :=
�
a1(x2 + y2) + a2z2 + a3zw + a4w2� 2

:

Again, w e are only in terested in pro jectiv ely di�eren t surfaces. Th us, b ecause of

f a1 ;a 2 ;a 3 ;a 4
4 (x; y; � 2z; w) = � 2f

a 1
� ;� 3 a2 ;�a 3 ; a 4

�
4 (x; y; z; w) 8 � 2 C�

w e ma y c ho ose

a1 = 1 . In order to obtain only �nitely man y solutions w e c ho ose furthermore

a4 := 1 . This lea v es us with a t w o-parameter family f 1;a 2 ;a 3 ;1
4 of 12-no dal quartics.

It su�ces to p erform the exp erimen ts for all primes p 2 f 5; 7; 11; : : : ; 29g. The

whole algorithm runs nine seconds, including exp erimen ts, lifting and v eri�cation

of the result in c haracteristic zero. It �nds the 16-no dal quartic f
1;( 5

4 )3
; � 5

32 ;1
4 .

9.3.3. A D5 -symmetric 31-no dal T ogliatti Quin tic. In degree d = 5 , the

family is

f a1 ;a 2 ;a 3 ;a 4 ;a 5
5 := p � qa1 ;a 2 ;a 3 ;a 4 ;a 5 ;

where

p := x5 � 5(x4 + y4)w � 10x2y2(x + w) + 20( x2 + y2)w3 + 5 xy4 � 16w5;

qa1 ;:::;a 5 := a1�z�
�
a2(x2 + y2) + a3z2 + a4zw + a5w2� 2

:

Again, w e ma y c ho ose a2 := 1 , a4 := 1 . This lea v es us with a three-parameter

family f a1 ;1;a 3 ;1;a 5
5 of 20-no dal quin tics.

It su�ces to p erform the exp erimen ts for all primes p 2 f 11; 13; 17; : : : ; 31g. The

whole algorithm runs six min utes, including exp erimen ts, lifting and v eri�cation of

the result in c haracteristic zero. It �nds the 31-no dal quin tic f a1 ;1;a 3 ;1;a 5
5 where the

ai are giv en b y the ideal (2a1 + 5 ; 20a3 + a5 + 6 ; a2
5 + 2 a5 � 4).

9.3.4. A D5 -symmetric 65-no dal Sextic. In degree d = 6 , w e tak e the

D5 -symmetric family

f a1 ;a 2 ;a 3 ;a 4 ;a 5 ;a 6
6 := p � qa1 ;a 2 ;a 3 ;a 4 ;a 5 ;a 6 ;

where

p := w�
�
x5 � 5(x4 + y4)w � 10x2y2(x + w) + 20( x2 + y2)w3 + 5 xy4 � 16w5�

;

qa1 ;:::;a 6 := a1�
�
(z � a2w)�(a3(x2 + y2) + a4z2 + a5zw + a6w2)

� 2
:

In order to obtain only �nitely man y solutions and as w e are only in terested in

pro jectiv ely equiv alen t surfaces w e ma y c ho ose a3 := 1 , a4 := � 1, a5 = 0 . This

lea v es us with a three-parameter family f a1 ;a 2 ;1;� 1;0;a 6
6 of 45-no dal sextics.

It su�ces to p erform the exp erimen ts for all primes p 2 f 7; 11; 13; : : : ; 39g. The

whole algorithm runs 22 min utes, including exp erimen ts, lifting and v eri�cation of

the result in c haracteristic zero. It �nds the 65-no dal sextic f
� 5
16 ;0;1;� 1;0;4

6 .
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9.4. Another D7 -symmetric Septic with 99 No des

Without using an y creativ e ideas, but just b y follo wing our algorithm, w e wish

to reco v er the result � A 1 (7) � 99 whic h w e found in c hapter 8 on page 95 . W e start

again with the 7-parameter family of all D7 -symmetric septics

f a1 ;a 2 ;:::;a 7
7 := p � qa1 ;:::;a 7 ;

where

p := 2 6 � � 6
j =0

�
cos

�
2�j
7

�
x + sin

�
2�j
7

�
y � z

�

= x�
�
x6 � 3�7�x4y2 + 5 �7�x2y4 � 7�y6�

+7 �z�
h�

x2 + y2� 3
� 23�z2�

�
x2 + y2� 2

+ 2 4�z4�
�
x2 + y2� i

� 26�z7;

qa1 ;:::;a 7 := ( z + a5w)
�
a1z3 + a2z2w + a3zw2 + a4w3 + ( a6z + a7w)(x2 + y2)

� 2
:

Although w e ma y c ho ose a7 := 1 , these are to o man y parameters to p erform

a prime �eld searc h o v er the whole family in short time. So, w e ha v e to imp ose

some additional conditions. Either b y lo oking at the examples in smaller degree or

b y c hec king the geometry of some exp erimen ts o v er v ery small prime �elds, it is

natural to exp ect that there should exist a 99-no dal septic S s.t. the plane curv e

Sjy=0 factors in to a line Sy; 1 and a sextic Sy; 6 with the prop ert y that Sy; 1 passes

through three of the generic singularities of the construction (see section 8.3 on

page 97 ).

F rom some prime exp erimen ts w e see immediately that there is in fact a one-

parameter family of suc h 99-no dal surfaces. Th us w e ma y sp eed up our searc h b y

requiring the line Sy; 1 to b e a sp ecial one: Sy; 1 = x + c. This su�ces to pro duce a

99-no dal septic surface using our algorithm as w e will see b elo w.

9.4.1. Computing the conditions. It is easy to translate the restrictions

ab o v e in to algebra (in the follo wing, w e use the a�ne c hart w = 1 ):

(1) The plane curv e Sjy=0 2 Q[x; z] is zero on the whole line Sy; 1 = x + c,

i.e. (Sjy=0 )jx = � c � 0. As (Sjy=0 )jx = � c is a p olynomial of degree 7 in one

v ariable z this giv es 7 + 1 conditions on the parameters a1; : : : ; a7 b ecause

eac h of the co e�cien ts has to v anish.

(2) The generic singularities are giv en b y the in tersection of the doubled cubic

Cjy=0 and the three lines L 1L 2L 3jy=0 (i.e., this is also a cubic plane curv e).

The fact that the line Sy; 1 = x + c passes through three of these generic

singularities can b e translated b y simply substituting x b y � c in the t w o

cubics. When dividing eac h of the t w o cubic p olynomials (Cjy=0 )jx = � c 2
Q[z] and (L 1L 2L 3jy=0 )jx = � c 2 Q[z] b y its leading co e�cien t w e get t w o

p olynomials in one v ariable whic h should b e equal. Th us, w e get three

conditions on the parameters a1; : : : ; a7 .

By taking all these conditions in one ideal I conds w e see that w e are left with

essen tially t w o unkno wn parameters b ecause the dimension of I conds can easily

b e computed to b e t w o. It turns out that w e can ideed express all parameters as

functions of t w o of them, namely c and a6 , b y computing a lexicographical Gro ebner
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basis of I conds :

a2
1 = � 64; a2 = �

1
2

a1c; a3 = � a6c2 �
1
2

a1c2;

a4 = �
1
8

a1c3 � c2; a5 = c; a7 = 1 :

9.4.2. Exp erimen tal Result. When p erforming our algorithm on this t w o-

parameter family w e �nd after 10 min utes:

c2 = �
�

1
7

� 2

; a6 = 0 :

This simpli�es the expressions for the other parameters:

a1 = 56c; a2 =
4
7

; a3 =
4c
7

; a4 =
�

2
7

� 3

; a5 = c; a6 = 0 ; a7 = 1

W e denote the ideal de�ning these parameters b y I sol .

9.4.3. V eri�cation.

Theorem 9.2 . The surfac e Sa1 ;:::;a 7 of de gr e e 7 has exactly 99 no des and no

other singularities if the ai 2 Q(c) ar e as sp e ci�e d by the ide al I sol in se ction 9.4.2 .

Pr oof. By computer algebra. In order not to ha v e to compute in an extension

of Q (whic h is usually quite time-consuming), w e �rst notice that I sol de�nes exactly

t w o p oin ts in the parameter space. Th us, dividing the m ultiplicit y of the singular

lo cus of the surface S := Sa1 ;:::;a 7 b y t w o giv es its total milnor n um b er. The

follo wing sequence of Singular commands computes this:

ideal sl = diff(S,x),diff(S ,y) ,d if f(S ,z ), dif f( S, w);

I_sol = groebner(I_sol);

sl = reduce(sl, I_sol);

"milnor:", (mult(std(sl)) div mult(I_sol));

In a similar w a y , w e can v erify that these 99 singularities are indeed isolated p oin ts

and moreo v er ha v e m ultiplicit y one, i.e. they are all no des. �

9.5. A D9 -symmetric Nonic with 226 No des

In exactly the same w a y as w e constructed the 99-no dal septic in section 9.4

on the preceding page, w e can pro ceed to �nd a nonic with man y no des. W e start

with the family f a0 ;:::;a 9
9 := p � qa0 ;:::;a 9

, where

p := 2 6 � � 8
j =0

�
cos

�
2�j
9

�
x + sin

�
2�j
9

�
y � z

�

= x9 � 36x7y2 + 126x5y4 � 84x3y6 + 9 xy8 � 9x8z � 36x6y2z � 54x4y4z

� 36x2y6z � 9y8z + 120x6z3 + 360x4y2z3 + 360x2y4z3 + 120y6z3

� 432x4z5 � 864x2y2z5 � 432y4z5 + 576x2z7 + 576y2z7 � 256z9;

qa0 ;:::;a 9 := ( z + a0w) �
�
a1z4 + a2z3w + a3z2w2 + a4zw3 + a5w4

+( a6z2 + a7zw + a8w2)(x2 + y2) + a9(x2 + y2)2� 2
:

W e ma y c ho ose a5 := 1 . After the use of the same geometrical assumptions

as in the case of the 99-no dal septic in the preceding section, w e are left with a
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four-parameter family. F or this family the exp erimen ts tak e quite a lot of time,

so w e try to guess another parameter. It turns out that the maxim um n um b er of

no des whic h w e �nd in F13 using our algorithm is 226. F rom these exp erimen ts w e

guess that there are 226-no dal nonics for a3 = 0 (similar to the result a6 = 0 for

the 99-no dal septic). This reduces our problem to a searc h o v er a three-parameter

family . Nev ertheless, the exp erimen ts tak e sev eral hours. Finally , w e get:

Theorem 9.3 . The eight surfac es S226 := f a0 ;:::;a 9
9 of de gr e e 9 with

a2
1 = � 256; a2

8 = �
9a1

8
; c4 =

a1

128
; a0 = c a2 = �

a1c
2

;

a3 = 0 ; a6 = �
3a1

4
; a4 =

1
c

a7 =
a1c
4

+
1
c3 ; a9 =

21a1

16

and a8 = 3
2c2 have exactly 226 no des and no other singularities.

Pr oof. By computer algebra. See pro of of theorem 9.2 . �

The previously kno wn maxim um n um b er of no des on a nonic w as 216, attained

b y the surface of degree 9 from Chm uto v's series (section 4.1 on page 45 ). W e no w

ha v e:

Cor ollar y 9.4 .

� A 1 (9) � 226:

Of course, in view of the fact that the 99 no des ev en exist o v er the real n um b ers

it is natural to ask for the existence of a nonic with 226 real no des. In analogy to

c hapter 8 on page 95 w e can write do wn a promissing family, but it has one more

parameter and w e did not ha v e enough time to p erform the computation y et.

Notice that our 226-no dal nonic has one additional no de on the rotation axes

f x = y = 0 g in F29 . This is similar to the case of septics where there exists one

additional no de on the rotation axes in F5 .

9.6. Discussion

Unfortunately , w e cannot predict a priori ho w long the algorithm will run for a

giv en family, but it is clear that it has to terminate some time if w e neglect hardw are

and soft w are restrictions. It neither giv es a pro of of the non-existence of examples

whic h had not b een found. Nev ertheless, our algorithm has sev eral adv an tages:

� The algorithm is highly parallelizable. Indeed, the b ottle nec k of the

metho d are the prime �eld exp erimen ts, and it is easy to distribute these

exp erimen ts o v er sev eral mac hines.

� It pro duces partial results whic h can b e used as guesses to sp eed up the

computations signi�can tly .

Our metho d has certainly man y applications in other areas of algebraic geom-

etry . W e only men tion a few cases connected to singularities in whic h it migh t b e

useful:

� Dihedral-symmetric surfaces of degree d = 11; 13; : : : with man y no des.

� Dihedral-symmetric surfaces with non-maximal n um b ers of no des; e.g., it

is not clear whic h n um b ers of no des ma y o ccur on o ctics (see section 3.13

on page 43 on the defect).

� (Real) line arrangemen ts of degree 9; 11; : : : with man y critical p oin ts on

t w o lev els (see c hapter 6 on page 79 ).
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� Surfaces with man y cusps, in particular quin tics b ecause the gap b et w een

the maxim um kno wn 15 and the b est kno wn upp er b ound 20 is v ery large

(see section 4.11 and c hapter 5).



Barth's icosahedral-symmetric 65-no dal sextic. Shortly after its disco v ery in 1996,

Ja�e and Rub erman sho w ed that 65 is indeed the maxim um p ossible n um b er of

no des on a sextic surface in P3
.



CHAPTER 10

T ables Sho wing the Curren t State of Kno wledge

This c hapter giv es a tabular o v erview on the curren t state of kno wledge on

the sub ject of h yp ersurfaces with man y singularities. In all tables, b old n um b ers

indicate the cases in whic h the presen t thesis impro v es the previously b est kno wn

b ounds.

A t some places, there app ear question marks. These are sometimes caused b y

running time restrictions b ecause the computation of the dimension of the tangen t

space of the deformation functor of the no dal h yp ersurfaces can tak e a lot of time.

Another reason migh t b e that w e ha v e simply not y et implemen ted the equation

of the h yp ersurface in Singular . Sometimes, this task is not trivial or at least a

h uge amoun t of w ork b ecause some constructions are only giv en b y v ague or length y

argumen ts. In some cases (e.g. Kreiss's construction, section 2.6 on page 26 ), it is

ev en not clear if the construction really w orks.

Once w e ha v e computed more n um b ers, w e will place up dated tables on our

w ebpage [ Lab03a ].

10.1. No dal Hyp ersurfaces

In P3
and P4

, the b est kno wn constructions for large degree d are still giv en

b y Chm uto v's construction from 1992, see section 4.1. F or n � 5 and large d, the

b est kno wn construction is our v arian t of Chm uto v's construction based on Bresk e's

folding p olynomials asso ciated to the ro ot system B2 , see section 5.6.1 .

In the follo wing tables, w e giv e an o v erview on the curren tly b est kno wn b ounds

for the maxim um n um b er of no des for small n or d. The tables do not only sho w the

names of the p ersons who disco v ered the h yp ersurfaces. W e also giv e the references

to the sections of this Ph.D. thesis in whic h w e in tro duced the h yp ersurface and the

y ear in whic h it w as disco v ered.

F urthermore, w e giv e the dimensions of the space of in�nitesimal deformations

and the obstruction space of v an Straten's deformation functor Def (X; �) (see sec-

tion 4.6 on page 51 ). F or shortness, w e write t i
for dim T 1(X; �( X )) , i = 1 ; 2,

throughout.

10.1.1. No dal Surfaces in P3
. W e start with the most imp ortan t table:

No dal h yp ersurfaces in P3
, table 10.1 on the follo wing page. As explained in the

historical part of this w ork, this sub ject has a v ery long and ric h history . The t w o

b old n um b ers, 99 and 226, indicate the cases in whic h the presen t thesis impro v es

the previously kno wn b ounds.

119
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d � 3
A 1

(d) � # name, section, and y ear t1 t2

3 4, Sc hlä�i: 3 Chm uto v: s. 4.1 , 1992 1 0

s. 1.1.1 , 1863 4 Sc hlä�i: s. 1.1.1 , 1863 0 0

4 16, Kummer: 14 Chm uto v: s. 4.1 , 1992 5 0

s. 1.2, 1864 16 F resnel, Kummer: s. 1.2 , 1819/64 3 0

5 31, Beauville: 28 Chm uto v: s. 4.1 , 1992 12 0

s. 3.3, 1979 31 T ogliatti: s. 2.1 , 1940 9 0

6 65, Ja�e/Rub erman: 57 Chm uto v: s. 4.1 , 1992 11 0

s. 4.5, 1997 63 Gallarati: s. 2.5 , 1952 5 0

64 Stagnaro: s. 3.1.2 , 1978 ? ?

64 Catanese-Ceresa: s. 3.5 , 1982 4 0

65 Barth: s. 4.5 , 1996 3 0

7 104, V arc henk o: 81 Chm uto v: s. 3.8 , 1982 23 0

s. 3.7, 1983 93 Chm uto v: s. 4.1 , 1992 11 0

99 L.: s. 8.6 , 2004 5 0

8 174, Miy aok a: 128 Endraÿ: s. 4.7 , 1996 28 7

s. 3.10 , 1984 153 B. Segre: s. 2.4 , 1952 ? ?

154 Chm uto v: s. 4.1 , 1992 5 10

160 Gallarati: s. 2.5 , 1952 6 17

160 Kreiss: s. 2.6 , 1955 ? ?

165 v an Straten: unpublished, 1997 1 17

168 Endraÿ: s. 4.7 , 1996 0 19

9 246, V arc henk o: 192 Chm uto v: s. 3.8 , 1982 23 11

s. 3.7, 1983 216 Chm uto v: s. 4.1 , 1992 7 19

226 L.: s. 9.5 , 2005 ? ?

10 360, Miy aok a: 321 Chm uto v: s. 4.1 , 1992 2 53

s. 3.10 , 1984 325 Kreiss: s. 2.6 , 1955 ? ?

345 Barth: s. 4.5 , 1996 0 75

11 480, V arc henk o: 425 Chm uto v: s. 4.1 , 1992 3 80

s. 3.7, 1983 430 ? L.(conjecture): s. 8.8 , 2004 ? ?

12 645, Miy aok a: 576 Kreiss: s. 2.6 , 1955 ? ?

s. 3.10 , 1984 576 Chm uto v: s. 4.1 , 1992 2 139

600 Sarti: s. 4.9 , 2001 0 161

13 829, V arc henk o: 729 ? L.(conjecture): s. 8.8 , 2004 ? ?

s. 3.7, 1983 732 Chm uto v: s. 4.1 , 1992 ? ?

14 1051, Miy aok a: 931 Kreiss: s. 2.6 , 1955 ? ?

s. 3.10 , 1984 949 Chm uto v: s. 4.1 , 1992 ? ?

d � 4=9d3
, Miy aok a: � 5

12 d3
Chm uto v: s. 4.1 , 1992 ? ?

s. 3.10 , 1984

T able 10.1. No dal Hyp ersurfaces in P3
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10.1.2. Surfaces in P3
with Man y Real No des. Except for d = 9 , the

curren tly kno wn b ounds for the maxim um n um b er � A 1 (d) (resp. � R
A 1

(d) ) of no des

on a surface of degree d in P3(C) (resp. P3(R) ) are equal. The upp er b ounds are

the same as the complex ones listed in the previous table: V arc henk o's (section 3.7)

and Miy aok a's (section 3.10 ).

d 1 2 3 4 5 6 7 8 9 10 11 12 13 d

� R
A 1

(d) � 0 1 4 16 31 65 104 174 246 360 480 645 832 4
9 d(d � 1)2

� R
A 1

(d) � 0 1 4 16 31 65 99 168 216 345 425 600 732 � 5
12 d3

T able 10.2. The curren tly b est kno wn b ounds on the maxim um

n um b er of real no des.

10.1.3. No dal Hyp ersurfaces in P4
. Not man y p eople ha v e w ork ed on

no dal h yp ersurfaces in P4
of large degree. T o our kno wledge, the general construc-

tions describ ed in the historical part of this thesis are the only a v ailable results for

d � 6. Therefore, table 10.3 is quite short.

F or d = 6 ; 7; 8, it w ould certainly b e p ossible to apply constructions similar to

the one of v an Straten's 130-no dal quin tic, e.g. b y using our algorithm from c hapter

9.

d � 4
A 1

(d) � # name, ref., and y ear t1 t2

3 10 10 Segre: s. 1.5.1 , 1887 0 0

4 45 41 Chm uto v: s. 4.1 , 1992 4 0

45 Burk ardt: s. 1.5.2 , 1891 0 0

45 Goryuno v: s. 4.4 , 1994 0 0

5 135 120 Chm uto v: s. 4.1 , 1992 1 20

125 Sc hön: s. 3.12 , 1986 0 24

126 Hirzebruc h: s. 3.12 , 1987 0 25

130 v an Straten: s. 4.3 , 1993 0 29

6 320 277 Chm uto v: s. 4.1 , 1992 0 92

7 651 566 Chm uto v: s. 4.1 , 1992 ? ?

8 1190 1029 Chm uto v: s. 4.1 , 1992 ? ?

9 2010 1720 Chm uto v: s. 4.1 , 1992 ? ?

10 3195 2745 Chm uto v: s. 4.1 , 1992 ? ?

d ?

7
18 d4

Chm uto v: s. 4.1 , 1992 ? ?

T able 10.3. No dal Hyp ersurfaces in P4
. The upp er b ounds are

giv en b y V arc henk o's sp ectral b ound (section 3.7).
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10.1.4. No dal Hyp ersurfaces in P5
. F or no dal h yp ersurfaces in P5

the

situation is similar to the one in P4
: there are v ery few (or ev en no) results for

d � 6. But as our v arian ts of Chm uto v's construction lead to new lo w er b ounds,

table 10.4 sho ws three of these v arian ts.

Note that although our construction leads to a new lo w er b ound it do es not

impro v e the highest order term

5
16 d5

of the p olynomial describing the n um b er of

no des. Th us, this n um b er in the b ottom ro w of the table is not mark ed in b old.

But as one can see from the table, our construction impro v es the previously kno wn

lo w er b ounds quite a bit in small degree.

d � 5
A 1

(d) � # name, ref., and y ear t1 t2

3 15 15 V eneroni: s. 1.5.3 , 1914 5 0

15 T ogliatti: s. 2.1 , 1936 5 0

4 126 40 Chm uto v: s. 3.8 50 0

80 Chm uto v: s. 3.8 20 10

104 Chm uto v/L.: s. 4.1 , 2005 ? ?

120 Goryuno v: s. 4.4 , 1994 0 30

5 456 320 Chm uto v: s. 3.8 15 119

392 L.: s. 5.6.1 , 2005 ? ?

420 Hirzebruc h/L.: s. 3.12 , 2005 ? ?

6 1506 810 Chm uto v: s. 3.8 25 409

1035 Chm uto v/L.: s. 4.1 , 2005 ? ?

1179 L.: s. 5.6.1 , 2005 ? ?

7 3431 2430 Chm uto v: s. 3.8 ? ?

2583 Chm uto v/L.: s. 4.1 , 2005 ? ?

2781 L.: s. 5.6.1 , 2005 ? ?

8 7872 4320 Chm uto v: s. 3.8 ? ?

5488 Chm uto v/L.: s. 4.1 , 2005 ? ?

6016 L.: s. 5.6.1 , 2005 ? ?

9 14412 10240 Chm uto v: s. 3.8 ? ?

10368 Chm uto v/L.: s. 4.1 , 2005 ? ?

11328 L.: s. 5.6.1 , 2005 ? ?

10 27237 12500 Chm uto v: s. 3.8 ? ?

16000 Chm uto v: s. 3.8 ? ?

20525 L.: s. 5.6.1 , 2005 ? ?

d ?

5
16 d5

L.: s. 5.6.1 , 2005 ? ?

T able 10.4. No dal Hyp ersurfaces in P5
. The upp er b ounds are

giv en b y V arc henk o's sp ectral b ound (section 3.7 ).
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10.1.5. No dal Cubic Hyp ersurfaces in Pn
. The no dal cubic h yp ersurfaces

are one of the v ery rare cases in whic h � n
A 1

(d) (and ev en � n (d) ) is kno wn.

The �rst who sho w ed this w as Kalk er in his Ph.D. thesis in 1986. As explained

in section 3.11 on page 41 , he simply wrote do wn equations whic h realize the upp er

b ound pro vided b y V arc henk o's sp ectral b ound (section 3.7 ). Later, Goryuno v

obtained the same n um b er of no des on cubics b y a di�eren t metho d (section 4.4 ).

n � n
A 1

(3) � # name, section, and y ear t1 t2

3 4 4 Sc hlä�i: s. 1.1.1 , 1863 0 0

4 10 10 Segre: s. 1.5.1 , 1887 0 0

5 15 15 V eneroni: s. 1.5.3 , 1914 5 0

15 T ogliatti: s. 2.1 , 1936 5 0

6 35 33 Giv en tal: s. 3.9 , � 1982 2 0

35 Kalk er: s. 3.11 , 1986 0 0

35 Goryuno v: s. 4.4 , 1994 0 0

7 56 54 Giv en tal: s. 3.9 , � 1982 2 0

56 Kalk er: s. 3.11 , 1986 0 0

56 Goryuno v: s. 4.4 , 1994 0 0

8 126 118 Giv en tal: s. 3.9 , � 1982 0 34

126 Kalk er: s. 3.11 , 1986 0 42

126 Goryuno v: s. 4.4 , 1994 0 42

9 210 189 Giv en tal: s. 3.9 , � 1982 3 72

210 Kalk er: s. 3.11 , 1986 0 90

210 Goryuno v: s. 4.4 , 1994 0 90

10 462 414 Giv en tal: s. 3.9 , � 1982 0 249

462 Kalk er: s. 3.11 , 1986 0 297

462 Goryuno v: s. 4.4 , 1994 0 297

n o dd

� n +1
[( n +1) =2]

� � n +1
[( n +1) =2]

�
Kalk er: s. 3.11 , 1986 ? ?

n ev en

� n +1
[n= 2]

� � n +1
[n= 2]

�
Kalk er: s. 3.11 , 1986 ? ?

T able 10.5. Cubics in Pn
. The upp er b ounds are giv en b y

V arc henk o's sp ectral b ound, see section 3.7 on page 35 .
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10.1.6. No dal Quartic Hyp ersurfaces in Pn
. Although Goryuno v (section

4.4 ) used the same metho d for constructing his quartics as for his cubics, the quartics

do not reac h V arc henk o's upp er b ound (section 3.7).

Is Goryuno v's construction already the b est p ossible or is it p ossible to pro duce

more no des? It w ould b e in teresting to try to answ er to this question, at least

for small n . As table 10.6 sho ws, already for n = 5 there is a gap of 6 b et w een

Goryuno v's lo w er b ound and V arc henk o's upp er b ound.

d � n
A 1

(4) � # name, section, and y ear t1 t2

3 16 16 F resnel, Kummer: s. 1.2 , 1819/64 3 0

4 45 24 Chm uto v: s. 3.8 , 1982 0 0

45 Burk ardt: s. 1.5.2 , 1891 0 0

5 126 40 Chm uto v: s. 3.8 , 1982 50 0

80 Chm uto v: s. 3.8 , 1982 20 10

104 L.: s. 5.6.1 , 2005 ? ?

120 Goryuno v: s. 4.4 , 1994 0 30

6 357 160 Chm uto v: s. 3.8 , 1982 36 35

300 L.: s. 5.6.1 , 2005 ? ?

336 Goryuno v: s. 4.4 , 1994 0 175

7 1016 280 Chm uto v: s. 3.8 , 1982 63 77

560 Chm uto v: s. 3.8 , 1982 28 322

804 L.: s. 5.6.1 , 2005 ? ?

896 Goryuno v: s. 4.4 , 1994 0 630

938 Goryuno v: s. 4.4 , 1994 ? ?

8 2907 1120 Chm uto v: s. 3.8 , 1982 36 742

2337 L.: s. 5.6.1 , 2005 ? ?

2688 Goryuno v: s. 4.4 , 1994 0 2274

n �
p

3
2 � 3n +1

p
�n 22n= 3

� n +1
[2n= 3]+1

�
Goryuno v: s. 4.4 , 1994 ? ?

T able 10.6. Quartics in Pn
. The upp er b ounds are giv en b y

V arc henk o's sp ectral b ound, see section 3.7 on page 35 .
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10.2. Higher Singularities

Not m uc h is kno wn on the maxim um n um b er of higher singularities on h yp er-

surfaces of degree d in Pn
. Ev en in P3

, there are only few results suc h as Barth's

surfaces with man y cusps (section 4.11 on page 55 ).

Our general constructions from c hapter 5 on page 67 impro v e most kno wn lo w er

b ounds for the maxim um n um b er of A j -singularities on a h yp ersurface of degree d
in Pn

, n � 3, signi�can tly .

T o our kno wledge, there are almost no results for other singularities except

v ery general ones lik e those based on Viro's patc h w orking metho d (section 4.12 on

page 57 ).

10.2.1. Hyp ersurfaces with A j -Singularities in P3
. The pro jectiv e three-

space is still the �eld of most activ e researc h in the sub ject of h yp ersurfaces with

man y singularities. Our results from c hapter 5 on page 67 impro v e most previously

kno wn b ounds as table 10.7 sho ws.

Note that ev en the cases of j � 2, d � 5 whic h are not mark ed in b old ha v e b een

o v erlo ok ed for some time. These lo w er b ounds come from Gallarati's generalization

of B. Segre's construction whic h w e ha v e b een w orking out in section 2.5 on page 24 .

@
@j

d 3 4 5 6 7 8 9 10 11 12 d

1 � �
4

4

� �
16

16

� �
31

31

� �
65

65

� �
104

99

� �
174

168

� �
246

226

� �
360

345

� �
480

425

� �
645

600 � � �
4/9

5/12 � d3

2 � �
3

3

� �
8

8

� �
20

15

� �
37

36

� �
62

52

� �
98

70

� �
144

126

� �
202

159

� �
275

225

� �
363

300 � � �
1/4

2/9 � d3

3 � �
1

1

� �
6

6

� �
13

10

� �
26

15

� �
44

31

� �
69

64

� �
102

72

� �
144

114

� �
195

140

� �
258

198 � � �
8/45

11/72 � d3

4 � �
1

1

� �
4

4

� �
11

10

� �
20

15

� �
35

21

� �
54

32

� �
80

54

� �
112

100

� �
152

110

� �
201

132 � � �
5/36

7/60 � d3

T able 10.7. Kno wn upp er and lo w er b ounds for the maxim um

n um b er � A j (d) of singularities of t yp e A j ; j = 1 ; 2; 3; 4; on a surface

of degree d in P3
.
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10.2.2. Hyp ersurfaces in Pn
with A j -Singularities, j � 2; n � 4. Our

results from c hapter 5 on page 67 also impro v e most previously kno wn b ounds

in higher dimensions. In the lo w er t w o ro ws, table 10.8 sho ws the asymptotic

b eha viour of our t w o v arian ts of the construction with man y A j -singularities: One

uses Bresk e's folding p olynomials asso ciated to the ro ot system B2 , the other uses

those asso ciated to the ro ot system A2 whic h Chm uto v already used in the no dal

case. Notice that for high degree d, Chm

j;n (F B 2
d ) is b etter than Chm

j;n (F A 2
d ) for

n � 5 if j � 2.

n 3 4 5 6 7 8

1
dn �� n

A 2
(d) ' 2

9
13
72

1
6

13
96

55
384

15
128

1
dn �� n

A 3
(d) ' 11

72
1
8

11
96

3
32

25
256

125
1536

1
dn �� n

A 4
(d) ' 7

60
23

240
7

80
23

320
19

256
1

16

1
dn �� ( Chm

j;n (F A 2
d )) � 3j + 2

6j ( j + 1)
5j + 3

12j ( j + 1)
7j +3

18j ( j +1)
7j +4

24j ( j +1)
19j +16

72j ( j +1)
35j +19

144j ( j +1)

1
dn �� ( Chm

j;n (F B 2
d )) � 2j +1

4j ( j +1)
3j +2

8j ( j +1)
3j + 2

8j ( j + 1)
5j + 3

16j ( j + 1)
20j + 15

64j ( j + 1)
35j + 20

128j ( j + 1)

T able 10.8. The asymptotic b eha viour of the n um b er of A j -

singularities on a h yp ersurface of degree d in Pn
. Chm

j;n (F B 2
d )

is b etter than Chm

j;n (F A 2
d ) for n � 6.









Figure on the preceding pages: A cubic surface (dark) with one A3 -singularit y and

t w o no des. The brigh ter surface is its co v arian t of degree 9 whic h cuts out its

lines. See [ LvS00 ] for more images and mo vies of cubic surfaces.
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In tro duction

If a surface with man y singularities is de�ned o v er the reals then it is sometimes

nice to ha v e an image of it. But this is not the only reason wh y one w ould lik e to

ha v e go o d visualizations of singular surfaces.

In c hapter 12 w e sho w ho w to use our visualization to ols Spicy and surfex to

construct go o d equations for all 45 top ological t yp es of real cubic surfaces with only

rational double p oin ts. F urthermore, in man y cases visualization is a v ery go o d to ol

to understand the geometry of some constructions in an in tuitiv e w a y . And this can

help to construct new in testing examples based on these kno wn ones.

Before that, w e giv e a short o v erview of di�eren t metho ds for visualizing alge-

braic geometry ranging from classical approac hes to mo dern in teractiv e computer

soft w are.



The sw allo wtail. Our Singular library surfex.lib is able to visualize this famous

surface correctly . It con tains a real curv e whic h is not con tained in the real t w o-

dimensional part of the surface.



CHAPTER 11

Metho ds for Visualizing Algebraic Geometry

11.1. Classical Approac hes

Since the early da ys of algebraic geometry , mathematicians visualize their ob-

jects of study . Dra wings b y hand are easy for curv es and surfaces of degree d � 2. It

is ev en not di�cult to dra w curv es of higher degree when computing man y p oin ts and

other imp ortan t data lik e the co ordinates of their singularities and in�exion p oin ts.

Dra wing images of cubic surfaces is already m uc h more in v olv ed. Nev ertheless, the

literature of the 19th

cen tury con tains some v ery go o d visualizations. Some p eople

(e.g., Clebsc h, Wiener, Ro den b erg, and Klein) ev en pro duced real-w orld mo dels of

algebraic surfaces of lo w degree as w e already men tioned in section 1.1.3 on page 15 .

These w ere mostly made out of plaster or w o o d. Of course, the pro duction of in-

teresting surfaces of higher degree ( d � 5) w as almost imp ossible b ecause of their

complexit y . Mo dels of algebraic surfaces w ere ev en pro duced and sold for high prices

(see [ Sc h11 ]). But from the 1930's on visualization of mathematics w as fro wned

up on for man y y ears.

11.2. The First Visualization Soft w are

Visualization en tered bac k in to the w orld of algebraic geometry in the mid-

1980's. E.g., Fisc her's b o ok on mathematical mo dels app eared at that time; in

connection with this, some of the old plaster mo dels w ere repro duced.

Shortly afterw ards, the �rst soft w are visualization to ols ha v e b een dev elopp ed.

Un til no w the one that pro duces the b est images of singular algebraic surfaces is

still Endraÿ's surf [ End01 ] the �rst v ersion of whic h he implemen ted during the

writing of his diploma thesis. surf is based on the ra ytracing metho d similar to

Po vRa y . The latter is a m uc h more general program whic h allo ws ra ytracing of an y

real-w orld scene. But b esides the fact that w e p ersonally prefer the images pro duced

b y surf , Endraÿ's soft w are has the adv an tage of b eing quic k er. This is imp ortan t

for our application as w e will see later. surf w as ev en used to construct a mo del

of the Clebsc h Diagonal Cubic at Fisc her's univ ersit y at Düsseldorf whic h is a few

meters tall (see [ Kae99 ]): The constructors used the soft w are for dra wing man y

plane sections of the surface whic h serv ed as the basis for the mo delling pro cess.

Another promissing approac h to the visualization of algebraic surfaces is trian-

gulation. In the smo oth case, it is not di�cult to implemen t a go o d algorithm for

this purp ose. In the singular case, the b est existing soft w are is still Morris's soft w are

asurf from the LSMP pac k age [ Mor03 ] for whic h he implemen ted a w eb-fron tend

using Ja v aView (see [ P ol01 ]). His program is based on heuristics and do es not

pro duce satisfactory results in man y cases. T o our kno wledge, recen t ideas on the

triangulation of singular surfaces, e.g. b y Mourrain's group in Nice, ha v e not b een

implemen ted y et.

135
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T ogether with so-called 3d-prin ters the triangulation soft w are allo ws the mac hine-

pro duction of real-w orld mo dels. T o our kno wledge, this tec hnique w as �rst used

b y mathematicians-sculpturs lik e Helaman F erguson, Bathsheba Grossman, Georg

Hart. Recen tly , the arc hitect Jonathan Chertok repro duced the whole Ro den b erg

series b y this metho d based on the equations comm unicated to him b y sev eral math-

ematicians including the author. In order to mak e the pro duction of suc h mo dels

easier, w e implemen ted an extension for surf based on Johannes Beigel's v ersion

of the program whic h uses the triangulation library gts . Unfortunately , this soft-

are is not in a publishable state y et, but it already allo w ed us to pro duce sev eral

examples, e.g. the �rst mo del of a 30-cuspidal sextic surface with the symmetry of

an icosahedron and a repro duction of a Clebsc h diagonal cubic (�g. 11.1 ).

Figure 11.1. A repro duction of Clebsc h's diagonal cubic surface

using a 3d-prin ter based on the data pro duced using our extension

of surf .

11.3. In teractiv e Soft w are

With our in teractiv e visualization soft w are Spicy and surfex w e aim to go one

step further: The user can include the co ordinates of p oin ts of a plane geometry

construction in to the equations of algebraic plane curv es and surfaces. If the user

then mo v es the p oin ts then the images of the algebraic v arieties c hange accord-

ingly . This mak es the in teractiv e visualization of deformations and other pro cesses

p ossible.

11.3.1. Spicy � In teractiv e Constructiv e and Algebraic Geometry.

The core of the computer soft w are Spicy (up to no w only a v ailable as a pre-v ersion

from [ Lab03b ]) is a constructiv e geometry program designed b oth for visualizing

geometrical facts in teractiv ely on a computer and for including them in publications.

Its main features are:

� Connection to external soft w are lik e the computer algebra system Sin-

gular ([ GPS01 ]) and the visualization soft w are Surf ([ End01 ]) whic h

enables the user to include algebraic curv es and surfaces in dynamic con-

structions.

� Comfortable graphical user-in terface (cf. �g. 11.2 ) for in teractiv e construc-

tions using the computer-mouse including macro-recording, animation,

etc.

� High qualit y exp ort to .fig -format (and in com bination with external

soft w are lik e Xfig or Fig2dev exp ort to man y other formats, lik e .eps ,

.pstex , etc.).
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W e implemen ted the �rst particular example of suc h a to ol (called x cspr g ,

do wnloadable from [ LvS00 ]) during the writing of our diploma thesis under the

direction of D. v an Straten. V an Straten had the idea that surf should b e fast

enough to b e able to recompute t w o or three images of cubic surfaces p er second.

In this w a y , he w an ted to b e able to manipulate six p oin ts in the plane and see the

c hanging surfaces at the same time. This is exactly the purp ose of x cspr g .

After ha ving receiv ed m y diploma I dev elopp ed Spicy as a m uc h more general

and p o w erful to ol. Let us illustrate its usefulness again with the example of cubic

surfaces:

Example 11.1 . W e take thr e e p airs of two p oints in the plane e ach p air c on-

ne cte d by a str aight line (se e �g. 11.2 ). It is wel l-known that the blowup of the plane

Figure 11.2. A screen shot of the Spicy user in terface sho wing

three lines, that meet in a p oin t and the corresp onding cubic sur-

face, whic h con tains an Ec k ardt P oin t (3). Buttons 1 and 2 are

used to dra w the lines and the surface, resp ectiv ely .

in the six p oints yields a smo oth cubic surfac e if neither thr e e of the p oints ar e on a

c ommon line nor six of them ar e on a c ommon c onic. F urthermor e, the blowup is

bije ctive outside the six b ase p oints, and str aight lines c onne cting the b ase p oints ar e

mapp e d to str aight lines on the cubic surfac e. Thus, in or der to c onstruct a cubic

surfac e with an Eckar dt p oint (i.e. a p oint in which thr e e lines me et) we only have

to manipulate the six b ase p oints until the thr e e lines in the plane me et in a p oint

(se e [ LvS03 ] for details).

11.3.2. surfex � In tuitiv e Visualization, ev en in the In ternet. W e of-

ten simply need a go o d and easy w a y to visualize one or more surfaces and/or curv es

on them. Basically , Sc hmidt's new v ersion 1.0.3 of Endraÿ's program surf can al-

ready pro duce the required images, but it has some ma jor de�ciencies concerning

the usage. First, one needs to kno w surf 's programming language. Second, rota-

tion within surf is far from in tuitiv e. The purp ose of our to ol surfex [ HLM05 ]

is exactly to �ll in this blank. Th us, surfex is basically an easy-to-use fron tend

for surf whic h allo ws in tuitiv e rotation, scaling, and usage in general, ev en in the

in ternet. W e demonstrate its usefulness at a concrete example in the next c hapter.

11.3.3. surfex.lib � a Singular In terface for surfex . The curren t v er-

sion of surfex has the problem that it uses the ra ytracer surf for visualizing
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algebraic surfaces. And the ra ytracing tec hnique is not able to visualize real one-

dimensional parts of a surface suc h as the handle of the Whitney um brella if it is

not sp eci�ed as the in tersection of surfaces.

Figure 11.3. surfex.lib can also visualize surfaces with real

curv es whic h are not con tained in the real t w o-dimensional part

of the surface suc h as the sw allo wtail.

In com bination with Singular , this problem can b e solv ed. Singular can

compute the singular lo cus of a giv en surface and can then pass those surfaces

whic h cut out the singular curv es to surfex . E.g., the follo wing co de pro duces a

correct image of the sw allo wtail (see �g. 11.3 ):

LIB "surfex.lib";

ring r = 0,(x,y,z),dp;

poly swallowtail = -4*y^2*z^3-16*x *z^ 4+ 27 *y^ 4

+144*x*y^2*z+12 8*x ^2 *z ^2- 25 6* x^3 ;

plotRotated(swa llo wt ai l, list(x,y,z),2);





The four-no dal Ca yley cubic and its nine lines. The facts that a cubic cannot

con tain more than four singularities and that an y four-no dal cubic con tains exactly

nine di�eren t lines w as already kno wn to the geometers of the 19

th

cen tury .



CHAPTER 12

Illustrating the Classi�cation

of Real Cubic Surfaces

In this c hapter w e demonstrate the usefulness of our visualization to ols Spicy

and surfex for w orking with algebraic surfaces. Our example is the v ery classical

sub ject of real cubic surfaces. W e will see that the use of our soft w are do es not

only allo w us to visualize existing surfaces, but also helps to pro duce equations of

surfaces (see also [ LvS03 ], [ HL05 ], [ LvS00 ]).

In 1987, Knörrer and Miller [ KM87 ] classi�ed all real cubic surfaces in P3
with

resp ect to their top ological t yp e. Roughly , the authors sa y that t w o cubic surfaces

ha v e the same top ological t yp e if they can b e transformed con tin uously in to eac h

other without c hanging the shap e. A similar classi�cation had already b een giv en b y

Sc hlä�i in the 19th

cen tury [ Sc h63 ], but Knörrer and Miller obtained more precise

and more complete results. Some of these are based on ideas of Bruce and W all

[ BW79 ] who ga v e a mo dern treatmen t of the complex case.

Here, w e restrict ourselv es to cubic surfaces with only rational double p oin ts

whic h is the most in teresting part of the classi�cation. W e giv e an explicit real

a�ne equation for eac h class in their list (see table 12.2 on page 145 ). These allo w

us to dra w images for eac h class sho wing all singularities and lines (see �g. 12.3 ,

12.4 , 12.5 ) using our soft w are surfex [ HLM05 ].

In the already cited article, Sc hlä�i also ga v e equations for eac h of his t yp es

and describ ed their construction in a v ery geometric w a y . In man y cases, it is easy

to �nd real a�ne equations from these with the help of our to ol surfex . But in the

other cases, there are to o man y free parameters and w e ha v e to use other metho ds

suc h as the deformation tec hniques describ ed b y Klein [ Kle73 ].

T o p erform these deformations explicitly , it is useful to ha v e a visualization

soft w are at hand. W e explain ho w to use our soft w are surfex for suc h purp oses.

surfex can b e used directly on our w ebpage [ Lab03a ]. It can pro duce high qualit y

ra ytraced images for publications in color or in blac k/white. Indeed, all the images

in this c hapter are pro duced using surfex in connection with Singular [ GPS01 ].

This computer algebra program has b een used to compute a primary decomp osition

of the ideal (f; F 9) describing the 27 lines of f with m ultiplicities whic h allo w ed us to

dra w the lines on the surfaces using surfex . Here, F9 denotes Clebsc h's co v arian t

of degree 9 (see, e.g., [ LvS03 , app endix 4.1] for a determinen tal form ula for this

co v arian t).

The w ebpage www.CubicSurface. ne t [ LvS00 ] con tains some mo vies and more

images. surfex [ HLM05 ] uses S. Endraÿ's surf [ End01 ] to pro duce the high

qualit y ra ytraced images of the surfaces and R. Morris's LSMP [ Mor03 ] and

K. P olthier's Ja v aView [ P ol01 ] to allo w rotation and scaling of a triangulated

preview.
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Sev eral mathematicians ha v e already giv en real a�ne equations for particularly

in teresting cubic surfaces suc h as the Clebsc h Diagonal Surface or the four-no dal

cubic surface. F or some examples of Ro den b erg's series there also exist a�ne equa-

tions. But this series is restricted to only a few t yp es of cubic surfaces, and sev eral

of Ro den b erg's mo dels do not sho w all the pro jectiv e real lines b ecause some are at

in�nit y . In fact, this w as Ro den b erg's in ten tion: His aim w as to giv e an o v erview

of the p ossible singularities on cubic surfaces and the p ossible a�ne views of the

pro jectiv e surfaces.

Here, instead, w e do not sho w di�eren t a�ne views of the same surface. W e

c ho ose real a�ne equations that allo w us to sho w all singularities and lines in a

single image (or a single real-w orld mo del if w e use 3d-prin ters).

12.1. Knörrer/Miller's 45 T yp es of Real Cubic Surfaces

T o state Knörrer/Miller's classi�cation of real cubic surfaces with only rational

double p oin ts as singularities w e need the follo wing de�nition. F or details and

additional results w e refer to their article [ KM87 ].

Definition 12.1 (p. 54/55 in [ KM87 ]) .

(1) � R denotes the numb er of (� 2)-curves de�ne d over R in the dual r esolution

gr aph of a r ational double p oint that is de�ne d over R . � denotes the

numb er of p airs of non-interse cting c omplex c onjugate (� 2)-curves in this

gr aph.

Name Old Name Normal F orm Coxeter Diagr am � R �

A �
2k B2k +1 x2k +1 + y2 � z2

, 2k 0 k = 1 ; 2
A+

2k B2k +1 x2k +1 + y2 + z2 0 k � 1 k = 1
A �

2k � 1 B2k x2k + y2 � z2
, 2k � 1 0 k = 2 ; 3

A+
2k � 1 B2k x2k � y2 � z2 1 k � 1 k = 2

A �
1 C2 x2 + y2 � z2 1 0

A �
1 C2 x2 + y2 + z2 1 0

D �
4 U6 x2y � y3 � z2 4 0

D +
4 U6 x2y + y3 + z2 2 1

D �
5 U7 x2y + y4 � z2 5 0

E �
6 U8 x3 + y4 � z2 6 0

T able 12.1. The t yp es of singularities o ccuring on real cubic sur-

faces, their normal forms, their Co xeter diagrams, and the n um-

b ers � R and � .

(2) L et � b e a se quenc e of six p oints de�ne d over R in almost general p osition

in P2(C) in the sense of [ Dem80 , p. 39] . Then ther e exists r (�) 2 N0 ,

s.t. � c onsists of 2r p oints that ar e invariant under c omplex c onjugation

and 6 � 2r p airwise c omplex c onjugate p oints. W e c al l r (�) the realit y

index of � .

(3) L et X b e a cubic surfac e in P(C) de�ne d over R with only r ational double

p oints. The realit y index r (X ) of X is de�ne d as fol lows: L et

eX denote

the desingularization of X and X (�) the blowup of P2(C) along � . Then,

r (X ) = r (�) , if

eX �= X (�) for a se quenc e � of six p oints in almost gener al

p osition in P2(C) . Otherwise, r (X ) = � 1.
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Using this notion it is p ossible to compute the n um b er of lines on a real cubic

surface:

Theorem 12.1 (Satz 2.8 in [ KM87 ]) . L et X � P3(C) b e a cubic surfac e de�ne d

over R with only r ational double p oints as singularities. Supp ose that the r e al p art

X R � P3(R) of X has k singular p oints. Denote by � R (X ) the sum of the � R for

these singular p oints and by � (X ) the sum of the � of al l singularities on X . Then

the r e al p art X R c ontains exactly l (X R ) lines, wher e

(12.1) l (X R ) =
(2 + 2 r (X ) � � R (X ))(1 + 2 r (X ) � � R (X ))

2
� (r (X )� 2)+ k� � (X ):

F or a cubic surface X � P3(C) w e can read the top ology of its real part

X R � P3(R) from the realit y index. E.g., the �v e smo oth cubic surfaces, clas-

sically denoted b y F1; F2; : : : ; F5 (see [ Seg42 ]), are classi�ed b y the realit y index,

e.g., r (F5) = � 1.

Example 12.1 . W e il lustr ate the pr evious the or em using our softwar e Spicy :

W e c onstruct �ve p oints on a cir cle and another p oint. F urthermor e, we write

a Singular pr o c e dur e which c omputes the e quation of the cubic surfac e and the

lines on them (this c an b e done by only c omputing 3 � 3 determinants, se e e.g.

[ LvS03 ] ). W e c an now tel l Spicy to r e c ompute the e quation and then surf to

dr aw the c orr esp onding image e ach time one of the six p oints has b e en move d (se e

�gur e 12.1 , for details we r efer to [ LvS03 ] ). Using Knörr er/Mil ler's formula (12.1 ),

it is e asy to c ompute the numb er of lines for the surfac e X in the leftmost �gur e.

This one is smo oth, i.e. k = � R (X ) = � (X ) = 0 , and al l the six p oints ar e r e al, i.e.

r (X ) = 3 . By the formula, X c ontains l (X ) = 27 r e al lines (which is also e asy to

se e by other me ans).

P 3

P 1

P 4

P 5

P 0

P 2 P 2

P 3

P 1

P 4

P 5

P 0

P 2

P 3

P 1

P 4

P 5

P 0

1b

1a

2b

2a

3b

3a

Figure 12.1. The blo wing-up of the pro jectiv e plane in six p oin ts,

suc h that all six are on a common conic, is a cubic surface with an

ordinary double p oin t. Note the c hanging of the lines, when w e

drag the p oin t P2 . When P2 lies on the conic through the other

�v e p oin ts, 2 � 6 lines meet in the double p oin t (1b � 3b) and six

pairs of t w o lines coincide (1a � 3a).
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Now let the sixth p oint also b e on the cir cle as in the rightmost �gur e. Then it

is wel l-known that the c orr esp onding cubic surfac e develops an A �
1 -singularity and

that twelve of the 27 lines p ass thr ough this or dinary double p oint and c oincide in

p airs. This development c an b e visualize d inter actively using Spicy by moving the

sixth p oint slow ly. A c c or ding to table 12.1 on p age 142 � R (Y ) = 1 , � (X ) = 0 for

the 1-no dal cubic surfac e Y and of c ourse k = 1 . F ormula (12.1 ) thus gives 21 as

r e quir e d.

W e can no w state Knörrer/Miller's main result on cubic surfaces with only

rational double p oin ts:

Theorem 12.2 (Classi�cation, Liste 4 in [ KM87 ]) . L et X � P3(C) b e a cubic

surfac e de�ne d over R with only r ational double p oints and let X R = X \ P3(R) b e

its r e al p art. Then the top olo gic al typ e of X R is one of the 45 typ es given in table 12.2

on the next p age. If X has exactly 3A �
1 singularities and X c ontains exactly 12 lines

(no. 18=19 in the table) then its top olo gic al typ e c an b e determine d by pr op. 12.3

b elow. Otherwise, the top olo gic al typ e of X is determine d by its singularities, its

numb er of lines, and the r e ality index r (X ) .

T o explain ho w to distinguish b et w een the top ological t yp es 18 and 19, w e need

Knörrer/Miller's notion of a c on�gur ation typ e of an A �
1 singularity . W e only giv e

a slopp y de�nition and illustrate it using surfex , see [ KM87 , p. 63] for details.

F or this lo cal study w e ha v e to w ork in a�ne space:

F or an A �
1 singularit y , the tangen t cone is of the form x2 + y2 � z2

. This cone

in tersects the cubic surface X in a curv e of degree 2�3 = 6 , whic h consists in fact of

six lines, coun ted with m ultiplicities. Knörrer/Miller describ e suc h a con�guration

b y a small circle together with six p oin ts (coun ted with m ultiplicities) b ecause a

small real sphere around the singularit y in tersects X in t w o small real �circles�

(�g. 12.2 on page 146 ). On eac h of these circles there lies one p oin t of eac h of the

real lines. Therefore, Knörrer/Miller denote a pair of complex conjugated lines b y

a p oin t in the cen ter of the circle, the real p oin ts are dra wn on the circle in the

correct order. Di�eren t suc h con�gurations corresp ond to cubic surfaces of di�eren t

top ological t yp es.

Example 12.2 . Example (a) is a c on�gur ation with one r e al p oint of multiplicity

2, two r e al ones of multiplicity 1, and two c omplex c onjugate d ones. The other two

examples show two double d and two simple p oints (se e �g. 12.2 ):

(a)

2
, (b)

22
( KM 18 ), (c)

2
2

( KM 19 ). 2

Pr oposition 12.3 (T op ological T yp es 18=19, p. 63 in [ KM87 ]) . If a cubic

surfac e X has exactly 3A �
1 singularities and c ontains 12 lines then X has the top o-

lo gic al typ e 18 if the singular p oints have a c on�gur ation of typ e

22
(example

12.2 (b)). Otherwise, the A �
1 singularities of X have a c on�gur ation of typ e

2
2

(example 12.2 (c)) and X has the top olo gic al typ e 19.
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Name Sp: Cl: Sing: r l Equation

KM 1 I 12 ; 3 27 KM 27 + 3
2 (x2 + y2 � z3)

KM 2 I 12 ; 2 15 KM 27 + 8
5 (( z + 1) 2 � z2)

KM 3 I 12 ; 1 7 KM 27 + 2
3 (( z + 1) 2 + ( x � 1)2) � 4y2

KM 4 I 12 ; 0 3 KM 2 � 4
KM 5 I 12 ; � 1 3 KM 27 � 2

3 (( z + 1) 2 + z2)
KM 6 I I 10 A �

1 3 21 KM 27 + 2( x2 + y2)
KM 7 I I 10 A �

1 2 11 KM 27 + z3 + y2

KM 8 I I 10 A �
1 1 5 KM 6 � 4y2

KM 9 I I 10 A �
1 0 3 KM 6 � 3(x2 + y2)

KM 10 I I 10 A �
1 0 3 pc+ ( z + 1) �z2

KM 11 IV 8 2A �
1 3 16 KM 27 + y2

KM 12 IV 8 2A �
1 2 8 KM 27 + z2 � 1

5 (x + 1
2 )2

KM 13 IV 8 2A �
1 1 4 KM 27 � y2

KM 14 I I I 9 A �
2 3 15 KM 21 + 1

10 (y � 1)2

KM 15 I I I 9 A �
2 2 7 pl + z3 � z2(x � 1) � 1

5 (x � y)2

KM 16 I I I 9 A �
2 1 3 KM 43 � y2

KM 17 I I I 9 A+
2 0 3 pc+ z3

KM 18 VI I I 6 3A �
1 3 12 KM 43 + z2(x + 1

2 )
KM 19 VI I I 6 3A �

1 3 12 KM 43 + 2 z2

KM 20 VI I I 6 3A �
1 2 6 KM 27 � z2

KM 21 VI 7 A �
2 A �

1 3 11 pl + z3 + z2(x + y � 2) + 1
10 (x � 1)2

KM 22 VI 7 A �
2 A �

1 2 5 pl + z3 + z2(x + y) + 1
5 (x � 1)2

KM 23 V 8 A �
3 3 10 wxy + ( x + z)( y2 � ( 2

3 x)2 � ( 3
5 z)2) , w = 1 � x

KM 24 V 8 A �
3 2 4 KM 32 � 1

100 z2(x � z)
KM 25 V 8 A �

3 1 2 KM 32 + 1
100 z2(x � z)

KM 26 V 8 A+
3 1 4 2(x2 + y2)w + 2 x(z2 � 2x2 � 4y2) , w = 1 � y

KM 27 XVI 4 4A �
1 3 9 4(pc+ 1

2 ) + 3( x2 + y2)( z � 6) � z(3 + 4 z + 7 z2)
KM 28 XI I I 5 A �

2 2A �
1 3 8 KM 43 + z2(x + 2)

KM 29 IX 6 2A �
2 3 7 KM 43 + ( x � 1)z

KM 30 IX 6 2A �
2 2 3 KM 43 � 3

10 (x � 1)2

KM 31 X 6 A �
3 A �

1 3 7 wxz � (x + z)( x2 � y2) , w = 1 � z
KM 32 X 6 A �

3 A �
1 2 3 wxy � (x + z)( x2 + y2) , w = 1 � z

KM 33 VI I 7 A �
4 3 6 wxy + y2z + yx2 � z3

, w = 1 � x � y � z
KM 34 VI I 7 A �

4 2 2 wxy � y2z + yx2 � z3
, w = 1 � x � y � z

KM 35 XI I 6 D �
4 3 6 (x + y + z)2w + xyz , w = 1

2 (1 � x � y � z)
KM 36 XI I 6 D +

4 1 2 (x + y + z)2w + ( x2 + y2)z , w = 1
2 (1 � x � y � z)

KM 37 XVI I 4 2A �
2 A �

1 3 5 KM 43 + ( x � 1)z2

KM 38 XVI I I 4 A �
3 2A �

1 3 5 wxz + y2(x + z) , w = 2(1 + x � y + z)
KM 39 XIV 5 A �

4 A �
1 3 4 wxz � y2z + 1

2 x2y , w = 1
8 (1 � y � z)

KM 40 XI 6 A �
5 3 3 wxz + y2z + x3 � z3

, w = 1 � x
KM 41 XI 6 A �

5 2 1 wxz + y2z + x3 + z3
, w = 1

KM 42 XV 5 D �
5 3 3 wx2 + y2z + xz2

, w = 1 + x
KM 43 XXI 3 3A �

2 3 3 tl + z3

KM 44 XIX 4 A �
5 A �

1 3 2 wxz � y2z � x3
, w = 1 � z

KM 45 XX 4 E �
6 3 1 x2w � xz2 + y3

, w = 1 � x � y
T able 12.2. Our nice real a�ne equations for Knörrer/Miller's 45
top ological t yp es. The abreviation Sp: denotes Sc hlä�i's sp e cies

of the surface, Cl: its class, Sing: its singularities. r denotes the

realit y index and l the n um b er of real lines on the surface.
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KM 18 (a) KM 18 (b) KM 19 (a) KM 19 (b)

Figure 12.2. The con�guration of the lines cut out b y the tan-

gen t cone at one of the three A �
1 singularities of our surfaces with

top ological t yp es no. 18 and 19. F or eac h of the surfaces, w e sho w

t w o views (a) , (b) from di�eren t angles. The white lines ha v e m ul-

tiplicit y t w o, the blac k ones ha v e m ultiplicit y one. The �gure ab o v e

illustrates ho w surfex can dra w curv es on surfaces using the cor-

resp onding feature of surf . T o dra w the t w o doubled white lines,

w e computed the equations f4 , f5 cutting these out on the surface

using Singular . Then w e c hose the n um b ers of the equations from

the drop do wn men u in the ro w called C2 and selected the color

white.

12.2. Constructing Nice Real A�ne Equations

12.2.1. Nice Equations. By a nic e real a�ne equation f for a giv en top o-

logical t yp e t w e mean an equation, s.t. its pro jectiv e closure f has the required

top ological t yp e and s.t. the plane at in�nit y neither con tains a singularit y nor a line

of f . It has also to b e p ossible to see all its singularities and lines in a single picture

(mo dulo guessing using symmetries). This is not a precise de�nition. Nev ertheless,

w e form ulate our main result in the form of a theorem:

Theorem 12.4 . F or e ach top olo gic al typ e t 2 f 1; 2; : : : ; 45g of r e al cubic surfac es

with only r ational double p oints ther e is a nic e a�ne e quation KM t in the sense of

the pr e c e ding p ar agr aph. The e quations KM t ar e given in table 12.2 on p age 145

and the c orr esp onding pictur es ar e shown in the �gur es 12.3 , 12.4 , 12.5 . The c olors

of the lines indic ate their multiplicities.

Remark 12.5 . F or a nic e e quation for a given top olo gic al we do not r e quir e the

gr e atest p ossible symmetry b e c ause we want the e quations to b e generic in the sense

that the c on�gur ation of the lines on the surfac e should not b e to o sp e cial. E.g., the

Clebsch Cubic Surfac e has 10 so-c al le d Ec k ardt P oin ts in which thr e e of its 27 r e al

lines me et, but a generic cubic surfac e with 27 lines do es not have any such p oint.
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1�3:

�

( r : 3; 27l: )

�

( r : 2; 15l: )

�

( r : 1; 7l: )

4�6:

�

( r : 0; 3l: )

�

( r : - 1; 3l: )

A �
1

( r : 3; 21l: )

7�9:

A �
1

( r : 2; 11l: )

A �
1

( r : 1; 5l: )

A �
1

( r : 0; 3l: )

10�12:

A �
1

( r : 0; 3l: )

2A �
1

( r : 3; 16l: )

2A �
1

( r : 2; 8l: )

13�15:

2A �
1

( r : 1; 4l: )

A �
2

( r : 3; 15l: )

A �
2

( r : 2; 7l: )

Figure 12.3. The surfaces KM 1; : : : ; KM 15 . The colors of the

lines indicate their m ultiplicities: � 1, � 2, � 3, � 4, � 5,

� 6, � 8, � 9, � 10, � 12, � 15, � 16, � 27.
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16�18:

A �
2

( r : 1; 3l: )

A+
2

( r : 0; 3l: )

3A �
1

( r : 3; 12l: )

19�21:

3A �
1

( r : 3; 12l: )

3A �
1

( r : 2; 6l: )

A �
2 ; A �

1

( r : 3; 11l: )

22�24:

A �
2 ; A �

1

( r : 2; 6l: )

A �
3

( r : 3; 10l: )

A �
3

( r : 2; 4l: )

25�27:

A �
3

( r : 1; 2l: )

A+
3

( r : 1; 4l: )

4A �
1

( r : 3; 9l: )

28�30:

A �
2 ; 2A �

1

( r : 3; 8l: )

2A �
2

( r : 2; 7l: )

2A �
2

( r : 2; 3l: )

Figure 12.4. The surfaces KM 16; : : : ; KM 30 . The colors of the

lines indicate their m ultiplicities: � 1, � 2, � 3, � 4, � 5,

� 6, � 8, � 9, � 10, � 12, � 15, � 16, � 27.
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31�33:

A �
3 ; A �

1

( r : 3; 7l: )

A �
3 ; A �

1

( r : 2; 3l: )

A �
4

( r : 3; 6l: )

34�36:

A �
4

( r : 2; 2l: )

D �
4

( r : 3; 6l: )

D +
4

( r : 1; 2l: )

37�39:

2A �
2 ; A �

1

( r : 3; 5l: )

A �
3 ; 2A �

1

( r : 3; 5l: )

A �
4 ; A �

1

( r : 3; 4l: )

40�42:

A �
5

( r : 3; 3l: )

A �
5

( r : 2; 1l: )

D �
5

( r : 3; 3l: )

43�45:

3A �
2

( r : 3; 3l: )

A �
5 ; A �

1

( r : 3; 2l: )

E �
6

( r : 2; 1l: )

Figure 12.5. The surfaces KM 31; : : : ; KM 45 . The colors of the

lines indicate their m ultiplicities: � 1, � 2, � 3, � 4, � 5,

� 6, � 8, � 9, � 10, � 12, � 15, � 16, � 27.



150 12. ILLUSTRA TING THE CLASSIFICA TION OF REAL CUBIC SURF A CES

Remark 12.6 . Schlä�i or ders the cubic surfac es �rst by their class and then

by the worst singularity o c curing. This di�ers fr om Knörr er/Mil ler's or der which

is �rst by the sum of the Milnor numb ers of the singularities and then by the worst

singularity o c curing.

In the follo wing subsections w e describ e ho w to construct suc h surfaces.

12.2.2. Via Pro jectiv e Equations. F or the pro jectiv e case, Sc hlä�i already

ga v e equations in [ Sc h63 ]. He describ es in a v ery geometric w a y ho w to construct

them. In [ Ca y69 ], Ca yley giv es the same equations again and computes a lot of

additional data connected to the surfaces.

1

T o obtain a nice real a�ne equation from one of Sc hlä�i's equations is an easy

task for most top ological t yp es with higher singularities ( A3 or higher): W e just

ha v e to c ho ose a go o d h yp erplane at in�nit y and ma yb e some constan ts whic h is

not di�cult using our to ol surfex :

Example 12.3 . L et us take the e quation wxz + y2z + x3 = 0 given by Schlä�i

[ Sc h63 , p. 357] for a pr oje ctive cubic surfac e with an A1 and A5 singularity. The

choic e w = 1 � z gives our a�ne e quation KM 44 .

F or those surfaces with only A1 and A2 singularities, this metho d do es not w ork

w ell b ecause of the great n um b er of free parameters. In this case, w e can either write

do wn the equation directly (section 12.2.3 ), or w e can use a deformation pro cess

(section 12.2.4 ) already describ ed b y F. Klein in [ Kle73 ].

12.2.3. Direct Construction. In some cases, it is easy to write do wn a nice

real a�ne equation for a top ological t yp e directly using symmetry . F or this purp ose,

w e will use the three plane curv es sho wn in �gure 12.6 .

tl := x3 + 3 x2 � 3xy2 + 3 y2 � 4 pc := tl + 4 pl := ( x � 1)(y � 1)(x + y)

Figure 12.6. Three plane curv es, useful for constructing nice

equations for cubic surfaces.

Example 12.4 (Constructing KM 43 with three A �
2 Singularities) . W e take the

p olynomial tl de�ning thr e e triangle-symmetric lines (�g. 12.6 ) in the x; y -plane and

add the term z3
: KM 43 = tl + z3

. A t e ach interse ction p oint of the lines tl , this

gives a singularity of typ e A �
2 with z -c o or dinate 0, se e �g. 12.8 (a) .

The four-no dal surface KM 27 can b e constructed in a similar w a y . This and

a lot more information on no dal surfaces with dihedral symmetry can b e found in

S. Endraÿ's Ph.D. thesis [ End96 ]. The follo wing example uses a plane curv e with a

solitary p oin t. In the same w a y w e obtain the surface KM 26 with an A+
3 singularit y .

1

A tten tion, Ca yley's list on p. 321 con tains some t yp os.
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Example 12.5 (Constructing KM 10 with an A �
1 Singularit y) . T o c onstruct a

surfac e with an A �
1 Singularity which has the normal form x2 + y2 + z2

we start with

the triangle-symmetric plane cubic pc (�g. 12.6 on the facing p age). The origin is a

solitary p oint (i.e., a singularity with normal form x2 + y2
). Thus the surfac e pc+ z2

has an A �
1 singularity with normal form x2 + y2 + z2

and is triangle-symmetric. T o

obtain the desir e d a�ne top olo gy we r e quir e a thir d r o ot on the f x = y = 0 g axes at

z = � 1: KM 10 = pc+ ( z + 1) �z2
.

12.2.4. The Deformation Pro cess. Klein's strategy for obtaining surfaces

with few er singularities from surfaces with man y singularities is based on the fact

that an y singularit y on a cubic surface can b e deformed separately .

By the de�nition of a singularit y, the origin can only b e a singularit y of an

a�ne surface f if the tangen t cone of f has degree at least 2. Th us, in order to

smo oth an isolated singularit y at the origin, w e can simply add a term of degree

1 or 0. But whic h terms can w e add to the equation of f without c hanging the

t yp e of a singularit y at the origin? F or A1 singularities, this is v ery easy: These

singularities are c haracterized b y the fact that their tangen t cone also de�nes an A1

singularit y .

2

So, w e can add an y term of degree greater than t w o and an y term of

degree t w o whose co e�cien t is small enough. E.g. x2 + y2 � z2 + 1
10 z2 + 1

13 xy + x3

has a singularit y of t yp e A �
1 at the origin.

Using the preceding facts w e can deform a cubic surface with four singularities

of t yp e A �
1 in to one with only three suc h singularities:

Example 12.6 (Smo othing one of four A1 Singularities) . L et KM 27 b e the

cubic surfac e with four A �
1 -singularities (se e table 12.2 on p age 145 ). Thr e e of its

singularities lie in the plane f z = 0 g. Using surfex , it is e asy to �nd an " , s.t. the

surfac e KM 27 + "z 2
has the desir e d top olo gy (se e �g. 12.7 ):

Go to the surfex web-p age [ HLM05 ] , start the surfex pr o gr am, and enter

the e quation of KM 27 . Then add a term +0.1*z�2 and che ck the permanently

che ckb ox � this wil l pr emanently r e c ompute r aytr ac e d images of your surfac e. Dr ag

the c omputer mouse over the gr e en b al l to r otate the surfac e until you se e al l sin-

gularities. Y ou c an sc ale the image by pr essing s on your keyb o ar d while dr agging.

Now your surfex scr e en should lo ok similar to �g. 12.7 on the fol lowing p age. The

singularity in the midd le has b e en smo othe d in such a way that the neighb orho o d of

the singularity lo oks like a hyp erb oloid of one she et. A dding -0.1*z�2 le ads to a

neighb orho o d which lo oks like a hyp erb oloid of two she ets. 2

It is a little more subtle to k eep singularities of t yp e A �
j or A+

j ; j > 1; while

deforming others. F orgetting ab out the sign for a momen t, these singularities ha v e

the equation x j +1 + y2 + z2
in a suitable co ordinate system. A j ; j > 1; singularities

are c haracterized b y the prop ert y that their tangen t cone is of degree t w o and

consists of the union of t w o di�eren t planes.

3

Let f b e a p olynomial in three v ariables x; y; z de�ning a singularit y of t yp e

A j ; j � 2; at the origin. By the �nite determinacy theorem (see, e.g., [ Dim87 ]),

w e can add an elemen t of the ideal I := m2�Jf to f without c hanging the t yp e

2

This is also the reason wh y the geometers of the 19th

cen tury called the A 1 singularities

conical singularities or singularities of t yp e C2 . Other names are pr op er no de , or dinary double

p oint .

3

This is the reason wh y the classical geometers called a singularit y of t yp e A j a biplanar no de

B j +1 . A singularit y whose tangen t cone consists of a single m ultiple plane w as called a uniplanar

no de.
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Figure 12.7. Smo othing one of the four singularities of the cubic

surface KM 27 .

of the singularit y . Here, m denotes the maximal ideal (x; y; z) of the origin and

th us m2 = ( x2; xy; xz; y 2; yz; z2) . Jf := ( @f
@x;

@f
@y;

@f
@z) is the so-called jacobian ideal

generated b y the partial deriv ativ es of f .

Example 12.7 . W e take the singularity of typ e A �
3 at the origin, de�ne d by

f := x4+ y2� z2 = 0 . Its jac obian ide al is Jf = ( x3; y; z) . If we cho ose g1 := xy 2 m2

and g2 := y 2 Jf we get g := g1g2 = xy2
. Then f + g stil l de�nes a singularity of

typ e A3 at the origin. F urthermor e, f + "g is an A �
3 singularity for " smal l enough.

W e no w come to the global situation of a cubic surface f with only isolated

singularities of t yp e A j ; j � 1. The follo wing example describ es ho w to use the

tec hniques ab o v e to deform some of its singularities while k eeping others:

Example 12.8 (Deforming t w o of three A �
2 Singularities to A �

1 Singularities) .

W e start with the surfac e KM 43 which has exactly thr e e singularities of typ e A �
2

(�g. 12.8 (a) ). The surfac e tl + z3 + z2
(�g. 12.8 (b) ) has thr e e singularities of

typ e A �
1 at the same c o or dinates, b e c ause the tangent c one is a c one of the form

x2 � y2 + z2
lo c al ly at e ach of these p oints. One of these singularities has the

c o or dinates Q := ( � 2; 0; 0). T o get a surfac e with a singularity of typ e A �
2 at Q and

two singularities of typ e A �
1 , we ne e d to adjust the c onstruction slightly.

Our gener al r emarks fr om the b e ginning of this subse ction tel l us that we have

to lo ok at the jac obian ide al J
KM 43 at Q . Over the r ational numb ers, Singular

gives the fol lowing primary de c omp osition: J
KM 43 = ( x; y; z2) \ (x � 1; y2 � 3; z2) \

(x + 2 ; y; z2) . L o c al ly at Q , the r elevant primary c omp onent is (x + 2 ; y; z2) . W e

cho ose E := x + 2 2 (x + 2 ; y; z2) . As z2 2 m2
, we then know that KM 43 + z2 � E

has a singularity of typ e A2 at Q .

L o c al ly at the other two singularities (which b oth have x -c o or dinate 1), E takes

the value 1 + 2 = 3 . Thus, at these singularities, KM 43 + z2 � E b ehaves like

KM 43 + z2 � 3, which has A �
1 singularities at these p oints as alr e ady se en ab ove.

T o che ck that our choic es of planes and c onstants wer e r e asonable and to un-

derstand the c onstruction a little b etter, we c an again use surfex . W e typ e the

e quation of KM 43 into surfex as f1 . Then we add another two e quations using the

add eqn button and cho ose f2 to b e x +2 and f3 to b e z . If the permanently che ck-

b ox is activate d we alr e ady se e the thr e e surfac es in one pictur e. When adjusting the
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(a) (b) (c)

Figure 12.8. Deforming the surface KM 43 (image (a) ) with three

singularities of t yp e A �
2 in to KM 28 (image (c) ) with one suc h sin-

gularit y and t w o A �
1 singularities.

c olors by clicking at the right of the e quations, we get a r esult similar to �g. 12.8 .

W e c an hide some of the surfac es by desele cting the che ckb ox at the right of the

e quations. When typing into f1 the changes describ e d ab ove, we obtain suc c essively

the thr e e lower images shown in the �gur e. W e c an pr o duc e the black/white images

use d for the pr esent public ation in the fol lowing way: W e pr ess the button showing

the smal l disk, sele ct the dithered che ckb ox, cho ose an appr opriate r esolution, and

then click on save . A smal l dialo g shows up, wher e we c an give some �lename. The

high-r esolution image is then c ompute d on the webserver. F r om ther e, it c an then

b e downlo ade d using the your files button in the surfex window. 2



A cone, a quadric surface with a no de. Ho w man y no des can a surface of degree d
in P3

ha v e?



Finally

It is natural to try to apply the metho ds and algorithms presen ted in the second

part of this w ork to similar cases. In particular, it w ould b e in teresting to construct

a surface in P3
of degree 11 with 430 no des and to �nd out if our conjecture on the

n um b er of no des on dihedral-symmetric surfaces (c hapter 8 ) can b e impro v ed. If

suc h surfaces exist, will their n um b ers of no des b e realizable with only real no des?

F amilies of v arieties within whic h one searc hes for some particularly in terest-

ing examples also o ccur in other branc hes of algebraic geometry . V arian ts of the

algorithm that w e presen ted in c hapter 9 can th us also b e applied to suc h problems.

Another wide �eld with a lot of p oten tial for extensions is the visualization of

real h yp ersurfaces with (man y) singularities. First, our visualization to ols whic h

w e presen ted in part 3 can b e optimized and extended in man y asp ects. But also

the triangulation of real singular v arieties whic h has still not b een dev elopp ed in

a satisfactory w a y w ould b e an in teresting ac hiev emen t. E.g., in com bination with

(ma yb e three-dimensional) dynamic constructiv e geometry soft w are (similar to our

to ol Spicy ) this w ould op en the w a y to mak e visualization ev en more in teractiv e

and in tuitiv e.

When bro wsing through our historical surv ey (part 1) and our new constructions

(part 2), one can see that there are still lots of in teresting op en questions in the

�eld of h yp ersurfaces with man y singularities and related areas. W e hop e that the

presen t w ork encourages man y other p eople to w ork on this fascinating sub ject.
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asymptotic, 18, 24�26 , 31 , 39, 41 , 75

mo del, 15 , 135

no de, se e also ordinary double p oin t

conical, se e also conical no de

solitary , se e also solitary p oin t

nonic surface

226-no dal, 106 , 115

o ctahedral n um b ers, 58

o ctic surface

Endraÿ's 168-no dal, 44

no dal, 23 , 27, 43

ordinary double p oin t, 2

parab olic curv e, 24

patc h w orking metho d, 57

p encil, se e also family

plane curv e, 1

irreducible no dal, 1

no dal, 1

with man y A j -singularities, 76

with man y cusps, 25, 76

plane tree, 69 , 72, 73

plaster mo del, se e also mo del

prime �elds, se e also exp erimen ts ! o v er

prime �elds

quartic surface, 15 �17

Barth's 8-cuspidal, 56

F resnel W a v e Surface, 15, 16

Kummer's 16-no dal, 15, 16 , 18 , 21, 24 ,

113

real with 10 solitary p oin ts, 79

Y ang's list, 53�54

quin tic surface

Barth's 15-cuspidal, 56

no dal, 33 , 35

Barth's 31-no dal, 20 , 22, 48, 113

T ogliatti's 31-no dal, 20

with ordinary triple p oin ts, 32

regular p olygon, 46

�v e-gon, 42, 74

p en tagon, se e also . . . ! �v e-gon

triangle, 39

Riemann's Existence Theorem, 69

ro ot system, 68, 74 , 80

septic surface

99-no dal, 62 , 95 �104 , 114

man y singularities, 32

sextic surface

Barth's 65-no dal, 50, 108

dihedral-symmetric 65-no dal sextic, 113

no dal, 23 , 24, 26, 27 , 32�34

singularit y , 2, 13, 151

A j , 14 , 22, 24 , 72 , 142

D j , 142

E j , 142

cusp, 2 , 14, 25 , 31

double p oin t, se e also double p oin t

isolated, 2

no de, 13�15 , 25 , se e also ordinary double

p oin t

ev en set of, 33

real, 79 �83

real conical, 83

real solitary , se e also solitary p oin t

one single isolated, 57
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ordinary j -tuple p oin t, 31, 32

ordinary double p oin t, se e also ordinary

double p oin t

ordinary quadruple p oin t, 28, 31

ordinary triple p oin t, 23, 26 , 27

rational double p oin t, 40 , 53, 141

solitary p oin t, se e also solitary p oin t

sp ectrum, 35 , 36

sw allo wtail, visualization of, 134

tacno de, 2

soft w are

asurf , 135

Ja v aView , 135

Po vRa y , 135

Singular , 136 , 138

Spicy , 133 , 136

surf , 135 , 136

surfex , 133 , 136 , 137

surfex.lib , 137

x cspr g , 137

solitary p oin t, 79, 83

sp ectral b ound, 35 �37, 74 , 95

explicit computation, 36 , 37 , 58

for high A j -singularities, 58

o ctahedral n um b ers, 58

surface, se e also construction

cubic, se e also cubic surface

dectic, se e also dectic surface

dihedral symmetric, 50 , 96 , 107 , 112 , 113 ,

115 , 116

do dectic, se e also do dectic surface

for an y degree

Chm uto v's no dal, 46, 67 , 95

Rohn's no dal, 16 , 67

B. Segre's second no dal, 95

B. Segre's �rst no dal, 22

B. Segre's second no dal, 23, 34

in separated v ariables, 45, 79 �83

Chm uto v's upp er b ound, 45

nonic, se e also nonic surface

o ctic, se e also o ctic surface

quartic, se e also quartic surface

quin tic, se e also quin tic surface

septic, se e also septic surface

sextic, se e also sextic surface

with high A j -singularities, 58

with man y A j -singularities, 67 �76

symmetric h yp ersurface, 3

tangen t cone, 2

T c heb yc hev p olynomial, 30 , 38, 70 , 81

generalized, 46, se e also folding

p olynomial

threefold

cubic

Lefsc hetz's 5-cuspidal, 19, 76

no dal, 18

for an y degree

Chm uto v's no dal, 47

quartic

Burkhardt's 45-no dal, 19

no dal, 19, 24

quin tic

existence of no dal, 43
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no dal, 27, 43

Sc ho en's 125-no dal, 42, 43

v an Straten's 130-no dal, 48, 108

tree, se e also plane tree

tritangen t plane, 24

upp er b ound

asymptotic, 18 , 24, 32�34

Basset's, 33, 34

Beauville's, for no dal quin tic, 22 , 33

Bruce's, 34

Chm uto v's, for surfaces in separated

v ariables, 45

class b ound, 14 , 15, 33

for maxim um n um b er of blac k cells in

real simple line arrangemen ts, 82

for maxim um n um b er of critical p oin ts of

real simple line arrangemen ts, 82

Giv en tal's, 34 , 95

Miy aok a's, 40, 45 , 74

sp ectral b ound, se e also sp ectral b ound

Stagnaro's for q-fold p oin ts, 32

T eissier's and Piene's, 33, 34

V arc henk o's, se e also sp ectral b ound

visualization, 5, 132 �138

metho ds, 135

in teractiv e soft w are, 136, 137

mo del, se e also mo del

soft w are, 135
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